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1. Introduction 

Let A be a closed symmetric operator with a dense domain dom (A) in a separable Hilbert 
space H, and having equal dehciency indices {n,n) with n < oo. Characteristic operator func¬ 
tions of the operator A, as well as characteristic operator functions of its self-adjoint extensions, 
introduced originally as a subject in seminal papers by M.S. Livsic [12]-|11] and were studied 
afterwards in numerous papers (see for instance 0-0. lu, n. ra-Bi. isDi, m-m, m 
and references therein). 

In this paper we present a new approach to the concept of the characteristic operator 
function, which differs from that used in the abovementioned papers and which seems to be 
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more simple and natural. It is based on the abstract version of the second Green formula, 
formalized in the notion of the ’’abstract boundary value” |2B], 121], [1S|, and is closed to the 
approach elaborated by A.N. Kochubej in [5U] . 

Let us briefly describe the content of the paper. First we remind the following dehnition 
(see [28|). 


Definition 1.1. Let LL be a Hilbert space, and let Fq and Fi be linear mappings from dom {A* 
to H. A triplet {H, Fq, Fi} is called a boundary triplet for the operator A*, if: 

(i) the following abstract Green identity holds 
(1.1) {A*f,g)^- {f,A*g)^T = iTJ,Tog)n- iTof,Tig)n, f,gedomA*; 


(ii) and the mapping F = 


Li 


: dom A* is surjective. 


In the following dehnition we introduce a class of extensions of the operator A, which is 
quite useful in many questions, and, in particular, for our purposes. An extension A of the 
operator A is called a proper extension, ii A <Z A <Z A*. 

Definition 1.2. A proper extension A of the operator A will be called almost solvable (a.e.), 
if there exists a boundary triplet {'H,Fo,Fi} and an operator B G [H], such that 

(1.2) dom (I) = {fe dom (A*) : Fi/ = BTof}. 

A proper extension A of the operator A, determined by the eguality fll.2p will be denoted by As- 


The class of almost solvable extensions is big enough, as follows from the results of 
Section O were two criteria for an extension A to be almost solvable are presented. Let us notice 
that the class of almost solvable extensions of A contains proper extensions A of the operator 
A with two regular points zi,Z 2 G p(A), such that Im 2 ;i • Im 2;2 < 0 (see Proposition 12.8p . and 
it contains all proper extensions A of A whenever the defect index of A is hnite. 

Let us also note that the scope of the method is not restricted to the class of almost 
solvable extensions of symmetric operators only. Certain results are obtained for extensions 
determined by fll.2p with unbounded B G C{'H) (see Propositions 14. ltlHT21 Theorems 021 ESj) • 

In Section El inhuenced by the analogy with the Sturm-Liouville operator, we associate 
to each boundary triplet {H, Pq, Pi} an operator valued function M{z) via the equality 

M(z)Po/, = Pi/, (/, G z G p(Ao)). 

It is shown that M{z) is holomorphic on p(Ao) operator-valued function with values in [H] 
where Aq = Aq = A*|'kerPo. In what follows M{z) will be called the abstract Weyl function. 
We show iTheorem lS.Sp . that it is a Q - function (in the sense of M.Krein and H.Langer [33]) of 
the symmetric operator A, corresponding to the extension Aq. In particular, it belongs to the 
class {R-h) 0 and determines the pair {A, Aq} uniquely up to the unitary equivalence provided 
that A is simple. Therefore in the later case the spectrum of Aq is implicitly described by 
means of the Weyl function. 

For every symmetric operator A the Weyl function M{z) plays a role similar to that of 
the classical Weyl function 0 m/i(^) ([IS], [H]) for the Sturm-Liouville operator on the half-line, 

^Class (Ru) consists of functions F{z) holomorphic in the upper half-plane C+, taking values in [H] and 
such that Imi^(z) > 0 for z G C+. All required information on the class (i?) can be found in [35]. 

^Weyl function in the papers [JS], [15] differs by the sign from the function mh{z) in m 
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and coincides with the latter for an appropriate choice of the boundary triplet. Further, if A 
is a minimal differential operator of order 2n on the half-line with the dehciency index {n,n), 
then M{z) coincides with the characteristic matrix [17] of certain its extension Ab = A*^. In 
the case of a differential operator A with operator-valued coefficient considered either on a 
finite interval 021 , or on a semi-axes IS], the operator-valued function M{z) coincides with the 
characteristic function introduced in |19] and ISB, respectively. 

In the case of a nonnegative operator A, a criterion for the Weyl function M{z) to belong 
to the Stieltjes class (S') [35] is given (see Theorem l5.6|) . Moreover, a connection is found between 
the operator-valued function M{z) on the one hand, and the operator-valued functions Qf{z) 
Qm{z) introduced in [37] on the other hand. Note in this connection that Qf{.z) Qm{z) are 
not properly Q-functions in the sense of [33] . 

Let us notice that in the upper half plane the abstract Weyl function M{z) is a linear- 
fractional transform of the characteristic function of the symmetric operator A introduced in 
[3n] . which, up to non-essential details, turns out to be the characteristic function [55] in the 
sense of A.V. Shtraus. 

The main result of Section H] states that for any boundary triplet {H, Fq, Fi} for A*, any 
pair of proper extensions Ab^ of A with Bk G C('H) {k = 0,1), the following equivalences hold: 

{Ab, - z)-^ - {Ab, - z)-^ G &{H) ^ {B, - M{z))-^ - {Bo - M{z))-^ G &{'H) 

^ {B,-0-^-{Bo-0~^ e&{n). 

Here M{z) is the corresponding Weyl function, &{H) denotes a two-sided ideal in [H], z G 
p{Abq n p{Ab,), and ^ G p{Bo) fl p{Bi). As immediate consequences of this result we derive 
certain statements (see Corollaries 14.3114.9p regarding the asymptotic behavior of the spectrum 
of the operator Ab- 

In Section |5] the negative spectrum of a self-adjoint extension Ab = A*b {B G [H]) 
of a nonnegative operator A > 0 is investigated. It is shown here that the dimensions of 
the ’’negative” spectral subspaces EA_g{—oo,0) and Eb-m{o){—oo,0) of the operators Ab and 
B — M(0), respectively, coincide. This statement extends and generalizes the results from [9], 
[32], [36], and coincides with them in the case of a uniformly positive operator A and a special 
choice of a boundary triplet (such a choice ensures that M(0) = 0 whenever > 0). 

In Section [3] characteristic functions of almost solvable extensions of the operator A are 
studied. As is known [22], if a minimal Sturm-Liouville operator A on the half-line is in 
the limit point case at oo, then the characteristic function Q{z) of its extension A^, {AhU = 
—y" + q{x)y, y'{0) = hy{0), h ^ h) is connected with the classical Weyl function moo{z) by a 
linear-fractional transformation 

Q{z) = {moo{z) + h){m^{z) + h)"h 

In Theorem 15.61 it is shown that for the characteristic function of almost solvable extension 
Ab (see fll.2p j of A an analogous formula holds, with moo{z) and h replaced by M{z) and the 
operator B from fll.2p . respectively. Also, the inverse problem for characteristic function of 
a.s. extensions is solved, i.e. a criterion for an analytic operator-valued function Q{z) to be a 
characteristic function of a.s. extension of a symmetric operator A. Notice also, that the 
proof of this result is essentially relied on the Krem-Langer construction from [33] . 

In Sections IZlllo] different differential operators are considered, for which Weyl functions 
and characteristic functions are found and spectra of extensions are investigated. Namely, 
ordinary differential operators are studied in Section [T] differential operators with unbounded 
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operator coefficients are studied in Section [SI Shrodinger operator in M^\{0} and Laplacian op¬ 
erator in domains C with non-smooth boundaries are studied in Section [S] and Section [TUI 
respectively. Let us note that while the boundary triplets for operator A* from Sections [7J[U] 
were found in [T3], [TS], |12], |1U], the boundary triplet for operator A* from Section [TUI is 
constructed here for the hrst time. 

In conclusion, let us emphasize that a boundary triplet plays a role of a ’’coordinate 
system” in analytic geometry. It leads to a natural parametrization of the proper extensions of 
A by means of linear relations (multi-valued operators) in l-i. An adequate treatment of certain 
spectral problem for extensions can be achieved by using an appropriate boundary triplet. 

In particular, the A.V. Shtraus’ approach jUT], based on the J.von Neumann theory, is 
equivalent, in essence, to a choice of a ’’canonical” boundary triplet. However, as it is clear 
from numerous examples (see for instance sections [3[n]) to each differential expression one 
associates a natural boundary triplet, which in general, is very far to be ’’canonical”. However, 
all the computations, connected with the characteristic function, and description of spectral 
properties of extensions, become more explicit and simpler, if the corresponding boundary 
triplets are naturally related to the problem. Therefore, we see the main advantage of the 
proposed approach in the flexibility of a choice of a boundary triplet. 

In what follows we use the following notations: 

• C+(C_) - open upper (lower) half-plane; 

• H,'H ~ Hilbert spaces; 

• ["Hi, 7 ^ 2 ] ^ the set of bounded linear operators from Hi to ^, 2 ] if Hi = ^,2 = H, then 

[Hi,H2] = [H]; 

• C{H) ~ the set of closed densely dehned operators in H; 

• &(H) - two-sided ideal in the ring [H]; 

• 6oo(^) ^ the set of compact operators in H; 

• Sj{B) = - s-numbers of the operator B G ©oo(’^); 

• Bj = ImB = {B — B*)/2i - imaginary component of the operator B G [H]. 

• A - symmetric operator in H, dom (A) - its domain, 

• Tlz = (A — 2 ;)dom (A), Ttj, = TlX = ker(A* — z), 

• n±{A) = dimDT±j - dehciency index of the operator A; 

• A - proper extension of the operator A, i.e. A C A C A*, 

• crp(A), crc(A), (Jr(A) - point spectrum, continuous spectrum and residual spectrum of 
the operator A; 

• p(A), p(A) - its resolvent set and the held of regularity of A, respectively; 

• cr(A) := C \ p(A), a(A) := C \ p(A) - spectrum and the core of the spectrum of the 
operator A; 

• R^{X) = (A — A)“^ - the resolvent of the operator A; 

• Ap, Ap — Friedrichs extension and Krein extension [32] of the nonnegative operator A. 


2. Almost solvable extensions 

In this section we consider proper extensions A of a symmetric operator A and hnd 
certain sufficient conditions and criteria for A to be almost solvable. Some useful properties of 
boundary triplets for A* will also be established. 
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With each boundary triplet {"Hjrojri} for A* one associates two self-adjoint extensions 
Aq and Ai of the operator A by setting: 

(2.1) dom (Ao) = ker To, dom (^di) = ker Fi. 

Clearly, the extensions Aq and Ai are transversal in the sense of the following dehnition. 
Definition 2.1. Two proper extensions Ao and Ai of an operator A are called disjoint if 

(2.2) dom (Ao) n dom (Ai) = dom (y4), 

They are called transversal, if in addition 

(2.3) dom (Ao) -I- dom (Ai) = dom (A*). 

The converse statement is also true (see Corollary 12.31 of Proposition 12.41) . Now we only 
notice that for each extension Ai = A\ of the operator A there is an extension Ao = Aq of 
A transversal to Ai and a ’’canonical” boundary triplet {"HjrojFi}, corresponding to the pair 
(Ao, Ai) in the sense of equalities fl2.ll) for Ao = Ao and Ai = Ai. Indeed, in accordance with 
the second J. von Neumann formula 

dom (Ai) = dom (A) + (/ — V)Ali, where V E [Tlj, 9T_i] 

is an isometry from Tlj onto The operator Ao = Ag dehned by 

dom (Ao) = dom (A) + (/ -l- V)^i 

will be called canonically transversal to the operator Ai. Setting 

(2.4) r° = -p_i + cPi, r? = zP_i + zCP,, = 

one obtains a ’’canonical” boundary triplet {'H,rQ,r5} constructed in [2S] where P±i are pro¬ 
jections from dom (A*) onto parallel to dom (A) -|- Ttzp*. Clearly, Ao and Ai are given by 
formulas fl2.1l) . 

In what follows, by abuse of language, a triplet {'H,rQ,r5} will be called a ’’canonical” 
boundary triplet corresponding to the operator Ao = Ag (or Ai). 

Proposition 2.2. Let {'H,ro,ri} and {'H,ro, Tj} be two boundary triplets with a common 
boundary space TL and the operator To- Then there exists an operator K = K* E [H], such that 

(2.5) Ti = r; + PFo. 

Proof. Taking a difference of two equalities fll.ip written down for each of boundary triplets 
yields 

(2.6) (To/, (Fi - F;)i7 ) = ((Fi - T\)f, Fg^), /, g E dom (A*). 

Let us establish the implication: 

(2.7) Fo 5 ' = 0 ^ Tig = T\g 

Let us choose a vector / G dom (A*), such that Fq/ = (Fi — FfL) 5 f. Inserting such vector / 
into fl2.6p implies 

ll(r,-r;)jf = ((ri-r;)j,r„ 9 ) = o 

Let us dehne the operator P : P —)■ P by setting 

PFo/ = Fi/-F;/ (/edom(A*)). 


Tig = T[g. 
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In view of the implication fl2.7p the operator K is well dehned. It follows from fl2.6p that the 
operator K is symmetric 

{Tof,KT,g)^ = {KTof,Tog)n. 

and since dom {K) = "H, it is bounded and selfadjoint, K = K* E [H]. □ 

Corollary 2.3. Let under the assumptions of Proposition\2fM the operators Ai = A* {i = 0,1) 
are defined by the equality fl2.ip and dom(74'j^) = kerh^ Then the operators Ai and A[ are 
transversal if and only if the operator K is houndedly invertible, i.e. K~^ G [hC\. In this case 
the triplet {"H, Fq, with F'j^ = K~^Vi is also a boundary triplet. 


Proof. The invertibility of the operator iF in a wide sense is equivalent to the relation: 
dom (y4i) n dom {A'fi) = dom (A). The rest is evident. □ 

Let {'H,Fo,Fi} be a boundary triplet for the operator A*. Endowing dom (A*) with the 
graph norm one obtains a Hilbert space, in which every subspace 0 971, containing dom (H), de¬ 


termines a closed proper extension of the operator A. The mapping F : y —>■ 


riy 


determines 


a topological isomorphism between dom (H*)/dom (H) and 


n 

n 


which establishes a 


bijective correspondence between closed proper extensions A of the operator A and subspaces 
in 


( 2 . 8 ) 


A C A i—= {Ty y e dom (H)} 


Proposition 2.4. A proper extension A of the operator A is almost solvable if and only if it 
is transversal to some self-adjoint extension Aq = A^ of the operator A. In this case for every 
boundary triplet {'H,Fo,Fi}, for which kerFo = dom( 24 o), there exists an operator B G \H], 
such that A = Ab, i.e. mai holds. 


Proof. Let A be an a.s. extension of the operator A. Then there exists a boundary triplet 
{"HjFojFi}, such that dom (H) = ker(Fi — i?Fo), i-e. A = As- Dehne Aq = A^, by setting 

/ G dom (Ho) / G dom (H*) Fq/ = 0 , 

and check the transversality of the extensions Ab and Aq. Clearly, the condition 

dom (Hq) n dom {Ab) = dom (H), 

is fulhlled. Let us check the condition 

(2.9) dom (Ho) -I- dom (H^) = dom (H*), 

assuming that / G dom(H*) and Fo/ = (p 7^ 0 (since Fq/ = 0 implies / G dom(Ho)). Let us 
choose a vector g G dom(H*), such that Fq/ = (p and Tif = Bip. Then g G dom(HB), since 
Fi/ — BFQg = Bp — Bp = 0 , and f — g E dom(Ho), since Fo(/ — g) = p — p = 0. Therefore, 

f = 9 + if - 9 ) ^ dom (Ab) + dom (Ho) 

and hence fl2.9p is proven. 

Let us prove the converse statement. Let Hi = H^ be an operator canonically transversal 
to the operator Hq, let {H, Fg, F)*} be the corresponding boundary triplet of the form fl2.4p . and 


^Subspace means a closed linear subspace 
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let Tl = Tlj be a subspace of "Hq © corresponding to A in the sense of fl2.8p . It is easy to 
see that the transversality of the operators Aq and Ai is equivalent to the equality 

( 2 . 10 ) + ^ = 

In turn, 02.10^ holds if and only if 911 is a graph of a bounded operator B : I-Lq —> "H)*. Indeed, 
if 911 is a graph of a bounded operator, then clearly fl2.10p is in force. Conversely, if the sum 
in fl2.10p is direct, then 911 has no elements of the form (x,0), i.e. 911 is a graph of a closed 
operator B : 'Hg —Further, if dom(i?) ^ "Hg, then there exists X 2 G "Hg, X 2 G dom(i?), 
and hence (0,a;2) G "H? + 911, what contradicts to fl2.10|) . This proves the statement. □ 

Corollary 2.5. Let Ai = A\, and let Aq = Aq be transversal extensions of the operator A. 
Then there exists a boundary triplet {?f,ro,ri}, such that fl2.1|) are in force. 


Proposition 2.6. Let Aq and Ai be proper extensions of the operator A, having common regular 
points zi G C+ and Z 2 G C_ and let the operators —?■ be defined by 


( 2 . 11 ) 


X. = 


{Ai - z) - (Ao - z) 


-1 




(zeC+UC-). 


Then the operators Aq and Ai are transversal if and and only if the operators and Xz^ are 
boundedly invertible, i.e. 

(2.12) keiXz^ = 0 and X~^ G [^z^,^zk] (^ = 1,2). 


Proof. Notice hrst, that the condition kerX^ = 0 (^ G p{Aq) fl p{Ai)) is equivalent to the 
condition 02 .21) . 

If the extensions Aq and Ai are transversal, then in view of the condition 02.31) for every 
vector f E H there are vectors <po and (pi G H, such that (Aq — z)~^ipQ + {Ai — z)~^ipi = /. If 
/ G 91^, then applying the operator A* — z to the latter equality, one obtains Pq + ipi = t) ^ 
= -To, i-e- 

{Ai - ^)"Vi - (^0 - ^)"Vi = /• 

In this relation one can choose pi G 91^, as follows from the equality H = DJlz © ‘Tlz. Hence for 
2 ; G p{Aq) D p{Ai)) one has Xz'Tlz = 91^ and, therefore, the operator X^ is invertible. 

The converse statement follows from the generalized J.von Neumann formula 


(2.13) dom (H*) = dom (H) 91^^ + ^Z 2 (Imzi • Im 2:2 < 0), 

which is derived from the relation H = 911^^ + ^22 ia same manner as J.von Neumann 
formula is reduced from the equality H = iMz + 91^. If now the conditions fl2.12p hold, then 

'^Zk = C dom (Ho) + dom (Hi) {k = 1, 2) 

and by the formula 02.131) the extensions Hq and Hi are transversal. □ 


Corollary 2.7. Let Aq and Hi be proper extensions of the operator A, having common regular 
real point a G M. Then the transversality of the operators Hq and Hi is eguivalent to the 
following conditions 

(2.14) kerXa = 0 and X~^ G [9ta]. 


The proof is implied by the fact, that the operators X^ are well dehned and invertible for all z 
which are close enough to a. 
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Proposition 2.8. Let a proper extension A of the operator A have two regular points Zi, 
Z 2 e p{A), such that Imzi ■ Imz 2 < 0. Then A is an almost solvable extension of the operator 

A. 

Proof. Assume for definitness that zi = —i, Z 2 G C+. Then (see ISI) 

(2.15) dom (A) = dom A + (J + where M = (A — z)(A + [Tlj, 91_i]. 

According to A. V. Strauss [55], the characteristic function C{z) of the operator A {C{z) G 
[Tli, Tl_j]) is dehned by the relation: 

(2.16) dom (A) + = dom (A) + (/ + C{z))Ali. 

The conditions Z 2 G p(A) and 0 G p(C(z 2 ) — M) are equivalent (see [30] and Section [5]). 
Therefore, the operator C{z 2 ) — M has the polar representation C{z 2 ) — M = VR, where 
R > 0, and V is an isometry from 01^ onto 

Since ||C(z)|| < 1 for all z G C+ (see [55]), then Re (V*C(z 2 )) < I and hence the operator 
I — V*M = I — V*C{z 2 ) + R is boundedly invertible, i.e. 1 G p{—U*M). Dehne a boundary 
triplet by fl2.4p . Then for a vector / G dom (A) of the form 

/ = /o + (-f + M)fi (/o G dom (A), /* G Tl,) 

one obtains 

r°/ = (R-M)/„ T[f = t{V + M)U 

Hence, one arrives at the equality dom (A) = ker(r'j’ —RTq), in which B = i{M+V){V—M)~^ G 
[H]. Therefore, the extension A of the operator A is almost solvable. □ 

Remark 2.9. It follows from the above proof and Proposition |4A] that the extension A is almost 
solvable, if there exist zi, Z 2 G p(A) U cTc(A), such that Imzi ■lmz 2 < 0. 

Remark 2.10. Finally, let us present examples of proper extensions A of the operator A, which 
are not almost solvable. To show this on account of Proposition 12.41 it is enough to point out 
a proper extension A of the operator A, which is not transversal to any self-adjoint extension 


Aa = Al. 

Let the domains of the extensions A and Aq 

are given by 

(2.17) 

dom (A) 

= dom (A) + (/ + M)9Ii, 

Mg 

(2.18) 

dom (A^o) 

I = dom (A) + (J + V)mi, 

R G [^i, 


Clearly, the disjointness of the extensions A and Aq is equivalent to the condition: 1 ^ ap{V*M), 
and the transversality of the extensions A and Aq is equivalent to the condition: 1 G p{V*M). 
Notice also, that —i G p(A). 

one can construct the needed examples by setting M = all*, where |q;| > 1 and U 
is an isometry from dom (U) = Dlj onto ^ Indeed, for any isometry V from Tlj 

onto the operator UV is a nonunitary isometry in Tlj, and by the Wald decomposition 
UV = Uq (B Ui, where Uq is a unitary operator, and 0) is a unilateral shift. Therefore, 

the point spectrum of the operator V*U* = {UV)* coincides with the open unit disc. Indeed, 
1 G ap{y*M) = ap{aV*U*) for |q;| > 1, and, therefore, the extension A, determined by the 
relation (12.1 7p . is not disjoint to to any self-adjoint extension of the operator A. Thus, the 
extension A cannot be represented in the form (11.2p . where B G C{R) and, in particular, is 
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not almost solvable. At the same time the extension A is transversal to the extension A_i, for 
which dom (A_j) = dom (A) + and, hence, —i G p{A). 

This example shows that the assumptions of Proposition 12.81 are essential. It is also worth 
mentioning that the operators A and A* are transversal for |q!| > 1. Indeed, the conditions 

dom (A) n dom (A*) = dom (A), dom (A) + dom (A*) = dom (A*) 
are equivalent to the following ones: 

1 e 1 e p{MM*). 

The latter conditions certainly are fulhlled, since M*M = lap/ and MM* = |apP (P is an 
orthoprojection). Therefore, the transversality of the operators A and A* is not sufficient for 
the extension A to be almost solvaWe. 

If |a| = 1 then the operator A, presented above, is a maximal symmetric (but not self- 
adjoint A 7 ^ A*) extension of the operator A, which is not almost solvable, since 1 G ac{V*M) = 
ac{aV*U*) |a| = 1. 

3. Weyl Functions and Q-Functions of Hermitian Operators 

1. Let n = {'H,ro,ri} be some boundary triplet for the operator A*, and let Aq = Aq, 
Ai = Al be extensions corresponding to the operators Tq and Ti in the sense of relations fl2.ip . 

Definition 3.1. An operator function M{z) defined by 

(3.1) M{z)roh = Ti/, (/, ze p{A,)) 

is said to be a Weyl function of the operator A corresponding to the boundary triplet fl. 

Let us show that the operator function M{z) is well dehned, conhning ourselves to the 
case when Im^; > 0. To this end, we notice that for Im^; > 0 the proper extension A^ C A* of 
the operator A dehned by 

dom (A^) = dom (A) -|- 2 ; G C+, 

is a closed, maximal dissipativ^ extension of A, which and, in view of the Neumann formulas, is 
transversal to any self-adjoint extension A, in particular, to the operator Aq. By Proposition l2.4[ 
we have A^ = As(^), where B{z) belongs to [H] and is dissipative. Hence, 

/ G dom(A^) / G dom(A*) and B{z)Tof = Tif. 

But ro(dom (A*)) = P by the dehnition of a boundary triplet. Taking into account the transver¬ 
sality of the operators Aq and A^ this implies the relation: 

PoDl. = ro(dom (A,)) = ro(dom (A*)) = P, 

^This fact is proved in [5S]. Here we suggest its elementary proof. Since AfifA + fz) = ApA A zfz, 
where /a G dom(A),P G it follows that {Mf,g)H - ff,Mg)H = (z - z){fz,gz)H and, therefore, A^ is 
dissipative. Clearly, Az is closed. Moreover, the fact that Az is maximal dissipative follows from the relation 
(A — 2 ;o)dom(A) = H, ImzQ < 0. The latter can be set, for example, as follows. Assuming the contrary, 
one obtains the equality ((A — Zo)f,g)H = 0 for every / G dom (A) with some g £ H. On the one hand, for 
f = fA £ dom (A) this implies g £ and, on the other hand, for f £ Az the same equality yields g A Az- 
However, for zq close to z the relation g T Az contradicts the fact that the aperture of the subspaces Az and 
Tlz-j, is less than one [J Section 34]. 
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which leads to the equality M{z) = B{z). Thus, M{z) is the operator function with values in 
[H] and Imz ■ lmM{z) > 0 whenever z G ^{A). Together with the analyticity of M{z) in C_|_ 
proved below this ensures that M{z) belongs to the class (R). Note also that M{z)* = M{z) 
since {Az)* = A^. 

Remark 3.2. When justifying that the Weyl function is well defined it has been shown that the 
operators Tq and Ti map Ddx onto R isomorphically. This fact is also extracted from the results 
of [12] and is useful for specific operators in Section [3l Let us set 

(3.2) 7 ( 2 ;) := (TolriaJ ^ {z e p(v4o)). 

The operator function 7 ( 2 ;) takes values in \H, 91z] for any G p{Ao). 

Clearly, the function M{z) depends on the choice of a boundary triplet. In view of Propo¬ 
sition [221 we obtain the following connection between functions M{z) and M{z) corresponding 
to two boundary triplets {R, Tq, Ti} and {R, Tq, Ti} of the operator A* with a common operator 
Ti: 

(3.3) M-^{z) = M-^{z) + K, K = K* e[R]. 

To clarify this connection in the general case, denote by M{z) and M{z) the Weyl func¬ 
tions of the operator A corresponding to the boundary triplets {'H,ro,ri} and {'H,ro,ri} 
respectively. Let also U be an isometric operator from R onto R (dim (R) = dim (R)), and let 

0 

-Rh 


Rh 

0 


be the signature operator in R®R. 



Proposition 3.3. Suppose that fl = {'H,ro,ri} and fl = {'H,ro,ri} are some boundary 
triplets of the operator A*, and U is an isometric operator from R onto R. Then the operators 
T and T are related by 


(3.4) 


fri\ U 0 \ / Xn X12 \ /TA 
VroJ VO u X,,) i^Toy) 


where X = (Xjj)T^^, is a J-unitary operator in R ®R, and the Weyl functions M{z) and 
M[z) corresponding to the boundary triplets fl and fl satisfy the relation 

(3.5) M{z) = U{XnM{z) + Xu){X 2 iM{z) + X 22 )~^U*. 


Proof. The proof is similar to the proof of Theorem 13.81 from [30]. Define the operator 
X : R (B R ^ R (BR hj relation fl3.4p . It is clear that the operator X is well defined and 
surjective. The definition of a boundary triplet implies that the operator X is J-unitary. It 
follows that X is bounded (see [2S]), and relation fl3.4p takes the form 

(3.6) Ti/ = UiXnTJ + X.^Tof), Tq/ = UiX^RJ + XsaTo/) 
with operators Xij G [R]. By definition of the Weyl function, 

(3.7) M{z)fof = U {XnM{z) + X,^) To/, f0/ = U {X^iMiz) + X22) Tq/. 

Since the operators M{z) are dissipative for Im 2 ; > 0, the J-unitarity of the operator X and the 
Krein-Shmuljan theorem [3S] together imply that the operator X 22 M{z) + X 22 has a bounded 
inverse. Hence, in view of the definition fl3.4p . M{z) is of the form fl3.5p . The proof for Im 2 ; < 0 
is similar. □ 
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Corollary 3.4. The J^-unitarity of the operator X implies the relations 

(Q o\ V* V _ V V _ V V V _ T 

[ 6 . 6 ) — A21A11 , — ^ 22 ^ 12 ? ^ 11^22 “ -^ 21"^12 — 

/Q V V* _ V V* V "v^* _ V V* V v* v v* _ t 

[ 6 . V ) AiiA ]^2 — ^ 12 ^ 11 : -^ 21^22 ~ ^ 22 ^ 21 ^ ^ 11^22 “ ^ 12-^21 ~ 

Corollary 3.5. The function M{z) belongs to the class {R). 

Proof. First, we will prove this statement for the function Mq{z) coresponding to a ’’canon¬ 
ical” boundary triplet of the form fl2.4p . Representing fz G DTz as fz = (Ao i){Ao - z) ^f-i 
we obtain from fl2.4p that 

T^fz = r?/, = tf_, + iz + *)r?(Ro - ^)-V-T 

Therefore, the corresponding Weyl function is of the form 

(3.10) Mo{z) = -tl -{z + z)r°(2lo - z)-\ 

Relation flO.lOp implies the analyticity of Mo{z) in the domain p{Ao), in particular, for z ^ z^ 
and, by The analyticity of M{z) for an arbitrary boundary triplet follows from Proposition 13.31 
The property ImM(z) • Imz > 0 for z ^ z has been established before. □ 

Example 3.6. Let R be a minimal symmetric Sturm-Liouville operator determined in T^(0, cxo) 
by the differential expression Ay = —y” -\- q{x)y with a bounded potential q{x){= q{x)). Then 
the operator A is in the limit point case at oo, and 0 is a regular endpoint for the operator A 
(see ED- In this case, 

dom (A*) = hF^’^[0, oo), dom (A) = {y e fF^’^[0, oo) : i/(0) = i/'(0) = 0}. 

Introduce the one-parametric family of boundary triplets {Tq/i, Ti/^, C} (h G M U oo) by setting 

UkV = (!/'(0) - hy(0))(l + = -(fty'(O) + 9(0))(1 + 

for h G M and 

ro,ool/= 1/(0), Ti^oo?/= 2/'(0) 

for h = oo. 

Straightforward calculations show that Mh{z) coincides with the classical Weyl function^ 
mh{z) (see |1Z]), and formula fl3.5p acquiring the form 

mh{z) = (1 - hmoo{z)){m^{z) - h)"\ 

expresses the well-known relationship between two Weyl functions (see [45].|48j). 

2. Now recall the dehnition of the Q-function of a Hermitian operator [SB]. Assume 
that A = A* is a self-adjoint extension of the operator A and R is an auxiliary Hilbert space 
(dirnTf = n ^ oo). Assume also that 7 ( 2 ^ 0 ) is an operator from [H,^zo] such that 7(;2o)~^ ^ 
[fflzo) 'H]. The relation 

(3.11) 7 ( 2 ;) = (A - zo)(A - z)"S(^o), z,zoep{A), 

determines the analytic vector function with values in [H, which is called a 7 -held of the op¬ 
erator A (see [33]). It is easy to see that the operator function 7 ( 2 ;) dehned by the relation fl3.2p 
satishes the identity fl3.1ip and hence it is the 7 -held of the operator A. 

^Mhiz) differs in sign from mh{z) used in H5] . 













12 


V. DERKACH, M. MALAMUD 


Definition 3.7 ([30]). An operator function Q(z) with values in [H] is called the Q-function of 
the operator A belonging to the proper extension A if for any z,( ^ P(^) Ihe following equality 
holds 

(3.12) Q{z) - Q{Cy = {z- OliCYliz). 

Theorem 3.8. The Weyl function M{z) corresponding to the boundary triplet {"Hjrojri} is 
the Q-function of the operator A belonging to the self-adjoint extensioiu Aq. 

Proof. First we give the proof for the ’’canonical” bonndary triplet of form fl2.4p . In this case, 
the Weyl fnnction has form 03.101) . It is clear that 

(3.13) r? = -P(Ao-z)P', 

where P is the orthoprojector onto and P' is the projector from dom (A*) onto dom (Aq) = 
dom {A) + {I + P)Dlj in the decomposition 

dom (A*) = dom {Aq) + {I — P)Dlj. 

Hence, both formnlas 03.71) and O3.10p imply that 

Mo[z) = —il + P(yZ + i){Af) — f)(H.Q — z) ^ 

= P[zI+{z^ + l){Ao-z)-^] = 

= P[il + {z — i){AQ + i){AQ — z) ^]. 

By setting 7(—^) = iW-i and by taking into acconnt that 7(—f)* = P one obtains the relation 

Mo{z) = i 7 (-i)* 7 (-i) + (z - i) 7 (-i)* 7 (z) 

= Mo(-i)* + (z-i)7(-i)*7(z), 

which yields the relation 03.121) . 

Now let {'H,ro,ri} be an arbitrary bonndary triplet. Together with it, consider the 
’’canonical” bonndary triplet {P°,rg,r5} of the form 02.4|) and the corresponding proper ex¬ 
tension Aq. Let P be a nnitary operator from Ti to The formnlas that connect {"H, Fq, Fi} 
and {"H®, Fq, F?} take the form 

Fi = P(XnF? + Xi 2 F°), Fo = UX22TI 

since X 21 = 0 in view of the condition ker(Fo) = ker(FQ°^). Since the operator X is J-nnitary 
then XfY = Xl]^, Xi 2 X^i = [Xi 2 Xiyj*. By virtne of these relations and the formnla 03.5p one 
gets the eqnality 

M{z) = U[Xi^Myz) + Xi 2 ]XfyW 

= UX^iMo{z)X{^U + U-^Xi2X{^U\ 

Hence, we have 

(3.14) M{z) = CMq{z)C* + P, 

where C = U~^Xii, D = U~^Xi 2 XliU, and the fnnction M{z) is also the Q-fnnction of the 
operator A belonging to the extension Aq. □ 

Remark 3.9. In what follows the fnnction M{z) will be also called the Weyl fnnction of the 
operator Aq. Thns, two Weyl fnnctions of the operator Aq are related by 03.141) . 

^Recall that / G dom (Aq) ^ f & dom (A*) and Fg/ = 0. 
















WEYL FUNCTION OF A HERMITIAN OPERATOR 


13 


Properties of the Q-function obtained in [M] make it possible to formulate the following 
corollaries. 

Corollary 3.10. Simple Hermitian operators A' and A" are unitary equivalent if and only 
if, for some choice of boundary triplets {'H^,rg,r'^} and {Vf for [A')* and {A")*, 

respectively, their Weyl functions coincide. In this case, the extension^ Aq and A'q are also 
unitary equivalent. 

Corollary 3.11. For an operator function M[z) with values in [H] analytic on the upper half¬ 
plane to be the Weyl function of a simple densely defined Hermitian operator A, it is necessary 
and sufficient that the following three conditions hold: 

(i) M e {R); 

(ii) w — lim HAyf = 0 ■ 

(hi) \miy\m.{M{iy)h, h) = oo for any h E'H\ {0}. 

ytoo 

4. Spectra of Extensions and Weyl Function 

In this section we describe the spectrum of the operator in terms of the Weyl function 
and establish a criterion of a resolvent comparability of two extensions Ab^ and Ab 2 - 

Proposition 4.1. Let {"HjrojPi} be a boundary triplet, and let B G C{T-i), Ab L) A, z E p{A). 
Then: 

(i) z G cTp(Ab) <;=> 0 G ap{M{z) — B), and in this case 

dim ker(A 5 — z) = dim ker(M( 2 ;) — B)] 

(ii) G ar{AB) 0 G ar{M{z) — B); 

(iii) 2 ; G cTc(Ab) -v^ 0 G ac{M{z) — B). 

Proof, (see [20], [30]). (i) Let 2 ; G ap{AB), and let ABf = zf for some / 7 ^ 0. Then / G OI 2 
and M{z)Tof = Tif. Taking into account that BTof = Tif we have 

{M{z) - B)rof = 0 and W/ ^ 0, 

and hence 0 G ap(M(z) — B). 

Conversely, if {M{z) — B)h = 0 for some h E 'H\ {0}, then, choosing an / such that 
To/ = h, Ti/ = Bh, we obtain 

M{z)Tof = Tj and Tof = h ^ 0. 

Thus, / G dom (A) -j- 91^. Let / be a component of the vector / lying in 91^. Then = zf 
and / 7 ^ 0. It follows that 2 ; G ap{AB). 

Finally, multiplicities of the eigenvalues 2 ; G ^^(A^) and 0 G ap{M{z) — B) coincide since 
the mapping / ha Tq/ sets up a one-to-one correspondence between eigenspaces ker^AB — z) 
and ker{M{z) — B). 

(ii) If G (Jr(As), then 0 G ap{AB*), and from (i) it follows that 0 G ap{M{z) — B*). 
Since M{z) = M*{z), we conclude that 0 G ar{M{z) — B). 

(iii) To prove (iii), it suffices to establish the equivalence 

2 ; G p{Ab) 0 G p{M{z) — B). 

^dom(7lQ) = kerTp, dom(7lg) = kerUg. 
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Let us prove the solvability of the equation 

(4.1) {Ab - z)ip = h 

for any h & H. We will seek its solution in the form ip = f + g assuming that / G and g 
is a unique solution to the equation {A* — z)g = h such that bos' = 0 (i.e., g = (Aq — z)~^h). 
Since 0 G p{M{z) — B), there exists a uq E V. such that {M{z) — B)uo = —Tig. Dehne an 
/ G dom (yl*) from the following conditions: 

Tof = Uo, Tif = M{z)uo. 

Then / G dom (A) + and f = fA + f if a G dom (A), / G It is clear that 

(4.2) (Miz) - B)Tof = -Tig, Tiif + g) = BT^f = BT^if + g). 

Therefore, f + g G dom (Ab), and the solvability of the equation fl4.ip is proved. 

To prove the converse, we will show the solvability of the equation (Miz) — B)uq = Ui 
for any Ui E H assuming that z G p(Ab). By dehnition of a boundary triplet, there exists a 
g G dom (A*) such that 

rofi' = 0, Tig = -ui. 

Let (f = iAB—z)~^iA*—z)g G dom (^4^). Since / = p—g G we obtain that Miz)TQf = Tif 
and hence 

(Miz) - B)Tof = (Ti - BTo)f = (T^ - BTo)ip - g) = -Tig = m. 

Putting mq = To/ we arrive at the desired result. □ 

Remark 4.2. For dissipative extensions Ab, Proposition 14.11 was proved before. Namely, in the 
case of a minimal Sturm-Liouville operator with an operator potential it was proved in ESI. 
and in the case of a Hermitian operator it was proved in [30] . 

Corollary 4.3. Suppose that {'H,ro,ri} is a boundary triplet for A*, B G \H], Ab D A. Then 
the following conditions are equivalent: 

(i) ^ G p(Ab); 

(ii) Pi — BTq isomorphically maps DI 2 onto TL; 

(hi) the extensions Az and Ab are transversal. 

Proof. Since 2 ; G ^(^4^) 0 G p{M{z) — B), the equivalence (i)y4>(ii) is implied by both the 

obvious relation (Pi — i?Po)| 9 ^^ = {M{z) — i?)Po|fn^ and Remark [3.21 

To prove the equivalence (i)-v4>(iii), we notice that, in view of Proposition 12.41 

dom (A*) = ker(Pi — RPq) + ker Pq. 

Therefore, 

(Pi - i?Po)dom (A*) = (Pi - i?Po)(dom (Rs) + dom (Ao)) = 

= (Pi - RPo)dom(Ro) = ri(dom(Ao)) = "H. 

Further, if Aq and Ab are transversal, then 

n = iTi- RPo)dom(kl*) = (Pi - RPo)at 2 = (M(z) - R)PoOX 2 . 

It follows that (Miz) — B)~^ G [H] since 

keriMiz) — B) = {0} dom (Ab) n dom (Az) = dom (A). 
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Conversely, if z G p{Ab), then 

(hi - BTo)^, = n = {Ti- BTo)dom (A*) and doni (A*) = dom {Ab)+AI,. 

□ 

The following Lemma can easily be extracted from the proof of Theorem 13.81 

Lemma 4.4. Suppose that a proper extension A of an operator A at some boundary triplet 
{■Hjrojri} has the form A = Ab, where B G €{1-0-) {B G [hO])- Then at a boundary triplet 
such that her To = kerTp, the extension A is also of the form A = Ab^, where 
BieC{li) (5i G [H]). 

Proof. Formula fl3.4p gives the following relations between the boundary triplets {"HjrojTi} 
and 

Tl = UX22T0, r} = UXniTi + KTo), 

where U is a unitary operator from B to K = Xfi^Xi 2 = K* G [B]. The relation Ti = STq 
yields Ti = UXii{B + K)Tq. By putting 

(4.3) Si = UXn {B + K)X0U* 

one obtains dom (A) = dom {AbO = ker(rj — SiTq). This completes the proof. □ 

In what follows &{H) stands for a two-sided ideal in the algebra [B]. 

Proposition 4.5. Let {SjTojTi} be a boundary triplet of Bi G C{B),B 2 G C{B), and let 
Ab^ and Ab 2 be almost solvable extensions of the operator A with a common regular point 
z e p{AbO A p{Ab 2 )■ Then 

(4.4) {Ab, - z)-^ - {Ab2 - z)-^ G G{H) ^ {B, - M{{z))-^ - {B 2 - M{z))-^ G G{B). 

Proof. Step 1. First we prove Proposition 14.51 assuming that the boundary triplet {"H, Fq, Fi} 
is the canonical on^ Fg, F?}. Since 

[{Ab, - z)~^ - {Ab2 - = 0, 

it follows that 

(4.5) {Ab, - z)-^ - {Ab2 - z)-^ G G{H) ^ [{Ab, - z)-^ - (A^, - z)-^]\<n, G 6(01,). 

Hence it suffices to consider the difference of resolvents on the subspace Of^. To this 
purpose, we represent the vector g = Qz -\- Qz ^ dom (^4^) fl (Olz-j-Tlf) as 

9 = fo + fz by putting /g = (J V)g 2 G dom (Hq), fz = gz - Vg^ e Alz 

(here V is an isometry from 01, onto 01,). Then 

F|]l/ = F[((/o + /,) = TO/, = (P, - HP,)/, = /„ 

F55( = {zP^ - zVP0j{gz + 9z) = zfz + {z- z)V92- 

Therefore, the relation F^^f = PFg^f valid for any g G dom {Ab) is equivalent to 

{B - z)fz. = {z- z)Vg 2 . 

^For z the ’’canonical” boundary triplet is constructed as follows: 

n° = mz, r° = Pz-vPz, t\ = zPz-wPz, 

where V is an isometry from Tt, to TI, such that dom (Aq) = dom (A) + (/ + F)^!,, and Pz,Pz are projectors 
in dom (A*) onto Tt, and TI, respectively in the decomposition dom (A*) = dom (A) -j- TI, + Tt,. 
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But in this case ker(i? — z) = {0}, {B — z) ^ G C('H) and 

f, = {z- z){B - z)~Wg-,. 

On the other hand, 

{Ab - z)g = {Ab - z){g^ + g^) = [z - z)gs and (Aq - z)fo = (Aq - z){I + V)g 2 = (z - z)g^. 
Hence we have fz = g — fo = iz — z)[{A — z)~^ — {Ab — z)~^]gz- It follows that 

(4.6) {B - z)-W = po - z)-' - {Ab - ^)-']|cn,. 

In view of fld.Sp . this proves the equivalence fl4.4p . 

Step 2. In the case when a boundary triplet {'H,ro,ri} is arbitrary we consider the 
canonical boundary triplet of form fl2.4p such that ker Fq = ker Fq = dom (Aq). By Lemma [4.41 
the extensions Ab^ in the boundary triplet Fg, F)*} are of the form where Bj G C{l-i^) 
{j = 1, 2). It follows from fl4.3p that 

(4.7) B, = f/Xn(H° + K)U*Xl,U* {j = 1,2), 

where Xu is an automorphism in BP and U is an isometry from BP to B. The Weyl func¬ 
tions M{z) and Mo{z) corresponding to the boundary triplets {"HjFojFi} and {'H°,Fq,F 5} 
respectively, are related by 

(4.8) M{z) = UXn{Mo{z) + K)X*^U*. 

From both fl4.7p and fl4.8p we obtain that 

(4.9) (H° - Mo{z))-^ = U*Xl,{Bj - M{z))-^Xi,U. 

Since Mq{z) = z, then, as was proved in Step 1, the following equivalence holds: 

(4.10) {Ab, - z)-^ - {Ab, - z)-^ G 6(77) ^ (p - Mo{{z))-^ - (5° - Mo{z))-^ G 6(77). 
Thus, the equivalence fl4.4p follows from M.lOp and fl4.9p . □ 

Theorem 4.6. Suppose that, at some boundary triplet {77,Fo,Fi}, the operators Ab, and Ab, 
(7?!, 7^2 G C(77)) have a common regular point z E p{Ab,) A p{Ab,) ■ 7/p(77i) fl p( 772 ) 7 ^ 0, then 
for any Q G p{Bi) fl p{B 2 ) the following relation holds: 

{Ab, - z)-^ - {Ab, - z)-^ G 6(77) ^ {B, - C)"' - {B^ - C)"' G 6(77). 

Proof. It suffices to establish the equivalence 

Rb,{C) - RbAO e 6(77) ^ {B, - M{z))-^ - {B^ - M{z))-^ G 6(77). 

To this aim, we use the identities 

(4.11) |/ + (C - M(z))(B - C)-y = I + {M(z) -Q{B- M.)-\ 

(4.12) [/ + (S - C)-‘(C - M( 2 ))]-> =I+{B- M(z))-'(M{z) - C). 
that hold for any 2 ; G p{Ab) and C G p{B). Recall that, by Proposition 14.11 

^ G p{Ab) ^{B- M{z))-^ G [77]. 
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In particular, the identities fld.lip . fl4.12p ensure the bounded invertibility of the operators 
I + {( — M{z)){B — ()~^ and I + {B — C)~^(C ~ ^(^)) easily follow from the Hilbert 
identity for resolvents. Further on, 

(B^-M(z))-' - {Bi-M(z))-' = 

= RbAQV + (C - AF^))fiB.(Cr‘ -1/ + RbAO« - m(z))]-'RbAO 
= |/ + fiB,(C)(C- M(2))|-'lfiB,(C) - RbACW + (C - m(z})RbAO]-'- 

Due to the identities fld.lip . fl4.12p this completes the proof. □ 

Corollary 4.7. Suppose that under the assumptions of Theorem \4-6[ Bi, B 2 G [H]. Then 
{Ab, - z)-^ - (Ab, - z)-^ e &{H) ^B.-B^e G{H). 

The proof follows from the identity 

Rbi{z) — Rb2{z) = Rbi{z)[B2 — Bi]Rb2{z). 

In the following corollary a class of extensions with a discrete spectrum, which have the 
same principal terms in the asymptotic behavior of the s-numbers, will be selected. 

Corollary 4.8. Suppose that under the assumptions of Theorem \f.6 \ {Ab^ — zo)~^ G &oo{H) 
and 

lim n°'Sn{{ABi — Zo)~^) = a for some a > 0, a > 0. 

n—^oo 

Then for the validity of the relation 

lim n°Sn{{AB 2 - zo)~^) = a 

n^oo 

it suffices that 

lim n'^Sn{RBi{zo) - Rb 2 {zo)) = 0. 

n—)-CxD 

The proof is implied by both the Ky Fan lemma ([23l Theorem 2.2.3]) and the relation 
(4.13) [(As. - B„)-‘ - (Ab, - = BIRbAV - RbAVK 

in which Ti and T 2 are isomorphisms from 94^ to 91^. □ 

In the following corollary, for a given extension of Ab^ with a discrete spectrum, extensions 
Ab 2 with a more thick spectrum (i.e., lim Sn{AB 2 )/Su^Ab^) = 0) are constructed. 

n—^oo 

Corollary 4.9. Suppose that, in the assumptions of Theorem m {Ab^ -Zq) ^ G GooiH) and 
SuHAbi - 2o)“^) ~ a/n°‘, a > 0 and 0 < (d < a. Then the limits 

lim n^Sn{{AB 2 — 2 ^ 0 )”^) and lim Sn{RBi{z) — Rb 2 {z)) 

n—>-oo n —^00 

exist, and are finite and different from zero only simultaneously. 

Remark 4.10. The results close to Theorem 14.61 were obtained by other technique in the dissi¬ 
pative case in El. El- Moreover, Corollaries iSHiS] in particular cases were obtained just 
before in [16], [I7|, [T9] . 
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5. Extensions of positive operators and Weyl function 

5.1. Positive boundary triplets. In the study of various classes of extensions of a symmetric 
operator with a real point of regular type —a G p(A) (for instance semi-bounded operator) 
M.I. Vishik [15] and M.Sh. Birman [9] were using the following decomposition of dom(y4*): 

dom (y4*) = dom (Aq) + fh-a, —a G p{Ao) 

instead of the J. von Neumann formula. Further development of this approach has led to the 
concept of positive boundary triplet (see [29]), the use of which is very convenient in the study 
of proper extensions of the operator A. 

Definition 5.1. ([SHIIIS]) Let 0 G 'p{A). A boundary triplet {"HjrojFi} of the operator A* is 
called a positive boundary triplet, corresponding to the extension Aq = Aq, if 

{A*f,g) = {Aofo,go) + {rj,Tog)n, 

where f,g E dom (A*) and fo,go G dom (Aq) are components of the vectors f,g in the decom¬ 
position 

dom (^4*) = dom (^Iq) + ker( 74 *). 

If —a G p{Aq), then the positive boundary triplet {"H, Fg, F“} for the operator A* a can 
be constructed (see [291116]) by 

(5.1) na = ^-a, F? = P(-a)(klo + a)Pi, F“ = Pq, 

where P(—a) is the orthogonal projection from H to 91_a; and Pi, Pq are skew projections from 

(5.2) dom (A*) = dom (Aq) + fh-a 
onto dom (Aq) and 91_a, respectively. 

Proposition 5.2. Let {"H, Fq, Fi} be a boundary triplet for A*, B G C{'H), —a G p{Ab)Ap{Aq). 
Then the following relation holds 

(5.3) [{Ab + a) - (Ao + a)] |oi_,= T(-a)*(P - 
where T{—a) G [91_a,'P], and T{—a)~^ G ['P,91_a]. 

Proof. Alongside with the boundary triplet {'H,Fo,Fi} consider the boundary triplet of the 
form fl5.1h and the corresponding Weyl functions M{z) Ma{z). By Lemma [4.41 the domain of 
the operator A ■.= Ab has the following form 

dom(I) =ker (F“ - P,F“), 

where Pq G C(91_a). Since Ma{—a) = 0, then by Proposition IDT] and the condition —a G p{Ab), 
one obtains 0 G p{Ba) = p{Ba — Ma{—a)). Let us show that 

(5.4) ^ = [{Ab + a) ^ — (Aq + a) |fn_^ . 

If / G dom (As) C dom (A*), then in accordance with the decomposition fl5.2p . 

/ = /o + f-a, where /o G dom (Aq), f-a G Dl_a. 

Hence F“/ = Pq/ = f_a- Further, 

Pif = fo, {Ao +a)fo = g = gi +g-a, where 5(1 G ran (Aa), g_a^^-a 

and, therefore, 

F?/ = P(Ao + a)PJ = P{g^ + g.^) = P-a- 
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Consequently, the equality Tff = -Baho/ takes the form Baf-a = Q-ai which is equivalent to 
the relation 

(5.5) f.a = B-^g.a = (5a " 

On the other hand 

{Ab + a)f = {A* + a)(/o + /_«) = (^o + ®)/o = 9 ) 

whence 

(5.6) f_a = f ~ fo = [{Ab + a) ^ — (Ao + a) ^]g = [{Ab + a) ^ — (Aq + a) ^]g-a- 

Comparing the formulas fl5.5p and 05.61) . we arrive at the relation 05.4^ . The equality 
05.31) is implied by 05.4p and the following relation between the Weyl functions M{z), Ma{z) 
and operators B^Ba- 

M{z)=T{Ma{z)+K)T\ B = T{Ba + K)T\ 
where K = K* e [flt-a], T = UXi. This completes the proof. □ 

Remark 5.3. Notice, that when a = 0 the positive boundary triplet {94o,rg,r5} of the form 
05.11) is obtained from the ’’canonical” boundary triplets {'H(^), ro(2;), ri(2;)}, where 

n{z) = ri(z) = zP, - ro(z) = p. - m, 

by ’’limiting process” as z ^ 0. We omit the cumbersome calculations leading to this and to a 
bit more general relation r(z) —)■ r“ — aTg, ro( 2 ;) —)■ Tg, as z ^ —a, but we merely point out, 
that the formula 05.4p follows easily from 04.7p . because 

V{z) = —(Ao — z){Ao — z)~^ —I + {z — z){Aq — z)~^ ^ —I where z ^ —a 

and B{z) Ba — al, where z —a. 

Remark 5.4. Applying the above ’’limiting process” to the formula 03.101) . one obtains the 
following representation of the Weyl function M(z) corresponding to the boundary triplet 05. ip 

(5.7) M{z) = {z + a)P[I + {z + a){AQ — z) 

However, the direct proof is even shorter. Indeed, writing fz G as 

fz = (Aq + a)(Ag — z) ^ f-a, f-a G 

one obtains the equalities Tq/z = f-a, Rifz = {z + a)P{AQ + a)(Ao)“^/-a, which lead to 05.7p . 

Notice also that the equality 03.12p for M{z) easily follows from 05.7p . if the 7 -held is 
dehned as follows 

7(-a) = 7(^) = (Ao + a)(Ao - 2 ;)"S(-a)- 

5.2. Stieltjes class. Let A > 0 be a nonnegative symmetric operator in Sj. Recall that in 
the set of non-negative self-adjoint extensions of A there exists (see [32]) the maximal and the 
minimal extensions Ap and A^, called the Friedrichs and the Krein extensions of A, respectively. 
These extensions are characterized by the inequalities 

(5.8) (A^t’ -|- x)~^ < (A -|- x)“^ < {Ak + t > 0, 

in which A > 0 is an arbitrary non-negative self-adjoint extension of the operator A > 0. 
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Definition 5.5. ([H]). An operator function F{z) holomorphic on the complex plane with a 
cut along the half-line [0, cx)) with values in [H] is called the Stieltjes function, if it belongs to 
the class (R) and F{x) > 0 for all x < 0. 

The class of Stieltjes operator functions is denoted by (S'). Recall that F G (S'), if F G {R) 
and zF{z) G (R) (see [35]). We also write: Fi G (S'), if Fi{z) = F{z) K, where F G (S') and 
K = K* e [H]. 

Theorem 5.6. Let M{z) be a Weyl function corresponding to a boundary triplet {'H,ro,ri}. 
Then M G (S'), if and only if the operator Aq is positive and transversal to the Friedrichs 
extension Ap. 

Proof. Notice first that the operator Aq is positive. Hence the operators Aq and Ap are 
transversal to the operator and by Corollary 12.51 there exist boundary triplets {R, Tq, r“}, 
{R, Tq , r“}, such that 

dom (Hq) = her To, dom(H^) = kerTg, dom (H_a) = kerT^. 

In view of Proposition 12.21 the corresponding Weyl function are connected by the equality 

(5.9) Mp\z) = M-\z) + B. 

It follows from the formula fl5.7p and the first of the inequalities fl5.8p 

(Hi;'+ x)“^ < (Ho + a:)“\ X > 0, 

that R > 0. We note that transversality of the operators Hq and Hi? is equivalent to the 
existence of a bounded inverse of B (see Corollary 12.3p . 

It follows from fl5.9p that Mp{z)[M{z)~^ + B] = L The operator-function M{—x)~^ 
increases monotonically with x > 0, what follows from the formula fl5.7p . Furthermore, 

lim {Mp{—x)h, h) = —oo, for all h eR \ {0} 

X—^OO 

(see [SZ])- Hence (see |3^) there exists s — hm[M(—x)“^ -|- R] = 0, i.e. 

x^oo 

(5.10) s— lim M{—x)~^ = —B. 

x^+oo 

Since ker R = 0, then the condition fl5.1UI) means that M(—x) converges strongly to —B~^ 
in the generalized sense (see 123 ). 

LetHo and Hi? be transversal. Then B~^ G [R] and —B~^ = s — limM(—x). By fl5.9|) . 

xfoo 

M(-x) + R > 0 and M{z) G (^S^. 

If the extensions Hq and Hi? are not transversal, then the operator B~^ is unbounded. 
Applying the theorem on the semi-continuity of the spectrum below (see 123 ). we obtain for all 
A G (t(R“^) that any interval (—A, —A -|- e) (e: > 0) contains points of the spectrum of M(—x), 
for all X large enough. Thus, the operator function M ^ (S'). 

To complete the proof it remains to use the relation M{z) = CM{z)C* -L D. Theorem is 
proved. □ 

Note that Theorem 15.61 can be also deduced from the following proposition, which is of 
independent interest. 
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Proposition 5.7. Let Q(x) (x > 0) be an operator function with values in the set of positive 
operators in \H], such that 

(i) Q{x) decreases monotonically on the half-line (0,oo); 

(ii) s — lim Q{x) = B; 

(iii) The operatorB is invertible in a wide sense. 

Then there exists the limit 

s -\imB^I^Q{x)-^B^I^ = In- 

x'\oo 

Proof. It follows from the inequality Q{x) > B, that B^^‘^Q(x)~^B^^‘^ < I. The operator 
function x) increases monotonically with a; > 0, consequently 


(5.11) 


s - lim B^I‘^Q[x)-^B^I‘^ = K <1. 

X'l'OO 


On the other hand, ii x < y, then we obtain Q{x) ^ < Q{y) ^ and 


(5.12) I < Q{xy/^B-^/^[B^/^Q{y)-^B^/^]B-^/‘^Q{xY/\ 

Proceeding to the limit in the inequality fl5.12p as y f oo and using fl5.1ip . we get 

(5.13) I < Q{xY/^B-^^‘^KB-^^‘^Q{xY^‘^. 

Let further, T{x) = B~^^‘^Q{xY^‘^■ Then the inequality fl5.13p takes the form T{x)*T{x) > 

I. Clearly, ker(T(a;)) = {0} = ker(T(a;)*), x > 0, consequently T{xYT{x) and T{x)T{xY are 
unitary equivalent and hence T{x)T{xY > /, i.e. 

Proceeding in the last inequality to the limit as x t cxo and using the condition (ii), we obtain 
K > I. However, inequality K < I completes the proof. □ 

Remark 5.8. Let us remind the dehnition of the Qp {Qk) function in the terminology of M.G. 
Krein and I.E. Ovcharenko (see EH)- Assume, that the operator A is nonnegative, Ap and 
Ap are the Friedrichs and the Krein extensions of the operator A and 'Jk{z) and 7 f(^) are 
7 -helds of the pairs {A,Ap) and {A^Ap), respectively. It is not required that the 7 i?(z)“^, 
G but it is assumed only that ■jp{—a) and 'jp{—a) are single-valued maps 

from TL onto Cy^91_a, where 

Ca = ‘lafyAp -|- Cl) ^ — {^Ap -\- a) ^]. 

An operator function Qp{z) {Qp{z)) holomorphic in Ext[0,oo), which satishes fl3.12p and the 
condition 


s — limQi?(x) = 0, 
xto 


lim Qp{x) = 0). 

xt—OO 


is called the Qp (Qp) function of the operator A. One of function Qp{z) {Qp{z)) takes the 
form 

/g Qf{Y = {—2a/ (z -|- a)Cj [I {z a)YAp — z) ^Cj ]} |(n_„, 

QxiQ — {2a/ -\- (yZ a)Cj \I -\- (yZ a)(A/^ — z) ^Cj ]} . 

Let {//, Pf, Pf} and {"H, Pf-, P^} are positive boundary triplets for the operator A* -f a 
of the form fl5.ip . in which Aq = Ap and Aq = Ap, respectively, Mp{z) and Mf.{z) are the 
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corresponding Weyl functions. It follows from the relations fl5.7p and fl5.14p . that the pairs of 
functions Qf{z), Mp{z) and Qk{z), Mk{z) are connected by the equalities 

QMz) = [-2a/ + k_., Qk(z) = [2a/ + , 


\i Ap and Ap are transversal, then the operator Ca is invertible (see Corollary 12.Zp . and 
by fl5.14p we get Qf{z), Qk{z) are Weyl functions of the operators Ap and Ap; for the following 
choices of boundary triplets 


{«, -2aC-‘'‘^r5’ + c-'/^rq, {«, 2ac„-‘'‘^r" + 


Operator Ca is expressed in terms of Mp{z), Mp{z): 

Ca = 2a[s — hm(M^)(x)“^] = 2a[s — lim(M^)(x)“^]. 


These relations are true without assuming transversality oi Ap and Ap- 


5.3. A criterion for finiteness of the negative spectrnm. Let {"Hjrojri} be a boundary 
triplet, such that Aq > 0. In this case the Weyl function M{z) of the operator Aq, corresponding 
to this boundary triplet, is dehned and holomorphic on (—oo,0). Being an /^-function M{x) 
increases monotonically on (—cxo, 0), and if extensions Aq and Ap are disjoint, then the following 
equality dehnes a self-adjoint operator 

(5.15) M(0) := s — i? — hmM(a;), 

xto 

as a strong resolvent limit of operators M{x) at a: —)■ 0 (see [27]). If the expansions Aq and Ap 
are transversal, then the operator M(0) is bounded, M(0) G [H]. 

Proposition 5.9. Let {'H,ro,ri} be a boundary triplet for the operator A*, where Aq is a 
nonnegative extension of A transversal to the Krein’s extension Ap. Let B = B* E C{'H) and 
let Ap be a proper extensions of the operator A, which is defined by the equality dom(/4s) = 
ker(ri — i^To). In order that the negative part of the spectrum of the operator Ap: 

(a) to consist of n points (0 < n < oo); 

(b) to have a unique accumulation point 0, 

it is sufficient, and if Aq = Ap, then also necessary, that the operator B — M(0) to have the 
same property. 


Proof. In view of fl5.3p the following formula holds 

(5.16) [(As - x)-i - (Ao - a:)-'] T(a:)*(5 - M{x))-^T{x), 

for all X G p{Ap) fl (— oo, 0). Assume that dimii^B-M(o)(— cxo, 0) = n < oo. Sinc^ the function 
B — M[x) is monotonically decreasing on (—oo, 0), then dimi?B_M(-£)(—oo, 0) = n for all e > 0 
small enough. In view of fl5.16p . a: < 0 the operator [(A^ -l- £)“^ — (Aq -f £)“^] also has n 
negative eigen-values with account of multiplicity for all e > 0 small enough. Then, as follows 
from the results of papers [a [321 EH], the operator Ap+el has the same property for all £ > 0, 
and hence also the operator Ap. 

Let Aq = Ap and dimi?yig(—oo, 0) = n. Then dimT^^g^^j-(—oo, 0) = n for all e small 

enough and, in view of [aiSailS] the operator (A^-l-e:)"^ —(Ai?-|-e:)“^ has the same property and, 
according to fl5.16p . the operator B—M{—e) has the same property for all £ small enough. Using 

^If the operator function T{x) is not monotonic then dimi?j'( 3 ,)(—oo, 0), can increase, as it can be seen from 
elementary examples. 













WEYL FUNCTION OF A HERMITIAN OPERATOR 


23 


monotonicity of the operator-function B—M{x) on (— 00 , 0) one obtains dimi? 5 _M(o)(“ 00 ) 0) = 
n. This proves (a). The case (b) is proved similarly. □ 

Corollary 5.10. Let {'HjTojTi} be a boundary triplet for A*, such that Aq = Ap and the 
extensions Ap and Ak are transversal. Let also B = B* E CifH) and let Ap be a proper 
extension of the operator A, determined by the equality dom(74s) = ker(ri — i^To). Then the 
following equivalence holds: 

Ab>Q B - M(0) > 0 

In particular, the Krein extension Ak of the operator A corresponds to the operator B = M{0) 
via the equality dom ) = ker(ri — M(O)ro). 

Remark 5.11. If Aq is a positive dehnite operator, and {TL, Tq, Ti} is a positive boundary triplet, 
then Proposition 15 .11 1 coincides with Theorem 1.6 from |16], which in turn generalizes the results 
of papers 0132]. Indeed, in this case 

ker T 1 = dom (A) + ker A* = dom (A) -j- Tlo 

(see |3S]), and thus M(0) = 0. 

6 . Characteristic functions of almost solvable extensions 

6.1. Characteristic function by A.V. Shtrauss. Remind, following A.V. Strauss [51|, the 
dehnition of the characteristic function of a proper extension A of a Hermitian operator A. 

Definition 6.1. Let S be a Hilbert space endowed with an inner product [f,g]s = {Jf,g)e, 
where J = J* = J~^ is a signature operator, and let T be a linear operator from dom (A) to £, 
such that ran (T) = and for all f,gE dom (A) 

(6.1) {Af,g)-{f,Ag)=2t[Tf,Tg]e. 

The operator T is called the boundary operator for the extension A. 

Let T' be a boundary operator for —A*, acting from dom (A*) to £', such that ran (T') = 
£'. For arbitrary / G dom (A) and z G p{A*) let us find a vector g,^ G dom (A*) from the 
equation 

(A* - z)g^ = {A - z)f 

and dehne the characteristic function W{z) of the extension Ag by the equality 

W{z)Tf = T'g,. 

Let {'H,ro,ri} be a boundary triplet for the operator A* and let Ap be an almost solvable 
extension of the operator A. In what follows it is assumed that the extensions Ap and A^ 
are disjoint, i.e. dom(AB) fl dom(A^) = dom (A). The domain of such an extension Ap in 
the boundary triplet {'H,ro,ri} is dehned by dom(AB) = ker(ri — i^To), where B G [H], 
keiBi = 0. Let 8 = S' = Ti endowed with the metric \\f\\e = || and let J = sign. Bp 

Then the boundary operators T and T' for the extensions Ap and —A^ can be given by 

(6.2) r/ = ro/ (/G dom (As)), T'^i = To^- (^f G dom (A;^)). 

Indeed, in this case one obtains for all f,gE dom (A^) 

{Apf,g) - {f,Apg) = {TJ,Tog)n - {Tof,T,g) = 2t{BjTof,Tog)n 

= 2!(|B,|‘/Vr/, |B,|‘/Tg)« = 2![r/.rg]£. 


(6.3) 
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Similar equality holds also for the operator —{Ab)*- 


Theorem 6.2. The characteristic function of almost solvable extension Ab is holomorphic on 
p{Ab*), and takes values in [£] and is given by 

(6.4) W{z) = {B* - M{z))-\B - M{z)). 


Proof. For arbitrary / G dom {Ab) let us hud G dom {Ab*) from the equation 

41b/ - Agdz = z{f -g,),z e p{Ag). 


Then 

f-g,e ri(/ - gf) = M{z){Vo{f - gf)). 
Taking into account that Tif = BT^f and Fi^f^ = B*rogz, one obtains 


BTof - B*Tog, = M{z){Tof - Tog,). 


Hence 

{B - M{z))Tof = {B* - M{z))Togz. 

Since 2 ; G p{A*b), then by Proposition 14.11 0 G p{B* — M{z)). Therefore, 


(6.5) Tog, = {B* - M{z))-\B - M{z))Tof. 

The equality 06.41) follows from the dehnition of the characteristic function W{z) and the 
equality 06.5p . Analyticity of W{z) and relation W{z) G [£'] for z G p{A*b) follow from the 
equality 

W{z) = {B* - M{z))-^{B - M{z)) = 1 + 2i{B* - M{z))-^Bi. 

This completes the proof. □ 

6.2. Class Aj. Hereinafter, we will need the following, more general, construction of boundary 
operators and the characteristic function W{z). Let us include the operator B G [H] in an 
operator colligation 0 = {B,'H, K,£, J) . Remind (see [H]), that a set 0 = {B,'H, K,£, J), 
consisting of Hilbert spaces TL and £, and operators B G [H], K G and J G [£^], is called 

an operator colligation, if J is a signature operator in £^ i.e. J = J* = J= 1 and 

( 6 . 6 ) Bj = KJK*. 

If, in addition to fl6.6p the assumption 

(6.7) keiBj = {0}. 

is in force, then ran {K) = Ti and hence the operator K* is invertible. 

Proposition 6.3. Let {'H,ro,ri} be a boundary triplet for the operator A*, let M{z) be the 
corresponding Weyl function, B G [H] and let £ = £' be a Hilbert space endowed with an inner 
product [f,g]e = {Jf,g)e, where J = sign(J). Then boundary operators T P' for the extensions 
Ab and —A*^ can be defined by 

(6.8) Tf = K*Tof (/ G dom {Ab)), T’g = K*Tog {g G dom (A)^)) 

and the corresponding characteristic function of almost solvable extension Ab takes the form 

(6.9) W{z) = I+ 2iK*{B* - M{z))-^KJ {z e p{Ab*)). 
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Proof. Indeed, plugging fl6.6p into fl6.3p . one obtains 

{AbI, g) - (/, Asg) = 2^(5,Po/, T,g)B 
^ ^ = 2*( JiPTo/, K*T,g)n = 2i[Tf, Tg]e, 

i.e. r is a boundary operator for the extension Ab- Checking the analogous equality for the 
operator —{Ab)*, one convinces that P' is a boundary operator for the extension —Ab*- 
Applying the operator K* to both parts of the equality fl6.5p one obtains 

V'g, = [/ + 2iK*{B* - M{z))-^KJ]Tf. 

Therefore, the characteristic function of almost solvable extension Ab takes the form fl6.9lh 
Clearly, W{z) is a holomorphic operator function on with values in [£]. □ 

Definition 6.4. An operator function W{z) with values in [£], holomorphic on a domain Zy/, 
is related to the class Aj, if it can be represented in the form fl6.9p . where B = KJK* G [£]. 
Let us say that W belongs to the class Aj, ifW G Aj and, in addition, ker(iP*) = {0}. 

Let us dehne in C+ U C_ the operator function 


(6.11) V{z) = K*{Br - M{z))-^K. 

Clearly, for z G p{Ab*) PI (C+ U C_) there exists {W{z) + I)~^ G [£] and the following equality 
holds 


(6.12) V{z) = -i{W{z) - I){W{z) + J)-V. 

Indeed, multiplying the relation 

{B* - M{z))-^ - {Br - M{z))-^ = i{B* - M{z))-^KJK*{Br - M{z))-^ 
by K* from the left, and hj KJ from the right, yields 

W{z) -I - 2iV{z)J = i{W{z) - I)V{z)J, 


which implies 

{W(z) + I)(I 

Similarly, one proves the equality 


iV{z).J) = 21. 


{I -iV{z)J){W{z) + I) =21. 

Let us introduce a rigging £'^ C £ G £f)l' of a Hilbert space £ (. 0 ), completing £ by 
the norm 


(6.13) WfWlw = {lmV{zo)f,f)E, ZoeC+. 

It is easily seen, that the norms obtained via fl6.13l) are equivalent for different Zq G C+. 

Proposition 6.5. Let hP G AO . Then 

(a) V{z) G [£5, £^] for all z G C+ U C_; 

(b) {W{z) — I)J admits a continuation to a topological isomorphism of spaces £^ and £^; 

(c) W{z) + I is a topological isomorphism of space into itself. 
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Proof. Let be a Hilbert space ran {K*) with the norm 


l£+ 


= 11 (A' 




iv e £4 


Then K* is an isometry in 

Consider a rigging £'^ <Z £ <Z £^ of the Hilbert space £ (see 0)- 
obtains 


\u\\£_ = sup 


\{u,K*h), 


H 


= \\Ku\W. 


Then for u ^ £ one 


Thus, £- is a completion of the space £ in the metric 


\\u\\s_ = \\Ku\\n {ue£), 

and the operator K admits a continuation to an isometrical isomorphism in [£_,1-C\ (also de¬ 
noted by iC). 

It follows from the equality flb.lip that 

Iml/(zo) = K*{BI - M{z,))-nmM{z,){BR - M{z,y)K. 

Since ImM(2;o) is a topological isomorphism in then lmV{zo) is a topological isomorphism 
from £_ onto £+. Thus, £y = £_ and £'^ = £+. Now the statement (a) is implied by fib.lip . 
Since 

{W{z) - I)J = 2iK*{B* - M{z))-^ 

{B*—M{z))~^ is a topological isomorphism in T-L, then {W{z)—I)J is a topological isomorphism 
of spaces £^ and £y'. 

It follows from f fl6.9lP that {W{z) + I)£y C £y'. On the other hand, the equality {W{z) + 
= 9 ^ yields 2f = g + {I — W{z))f G £^. This proves the statement (c). □ 


Remark 6.6. Two characteristic functions corresponding to different pairs of boundary operators 
differs by constant J-unitary factors Hi, U 2 G [£], 

W{z) = UiWo{z)U 2 . 

Notice, that the class Aj is not invariant with respect to the multiplication by arbitrary J- 
unitary factor. The set of J-unitary factors, preserving the class Aj, is described by the 
following theorem. 


Theorem 6.7. Let Wq G Aj and let Ui,U 2 be J-unitary operators in £. In order that the 
operator function W{z) = UiWq{z)U 2 to he in the class Aj, it is necessary and sufficient that 
the following hold: 

(a) The operator U 2 U 1 is an isomorphism in £^°; 

(b) {U 2 U 1 -I) G [£'y\£^°]. 

Proof. Necessity. If the operator function W{z) = UiWo{z)U 2 belongs to Aj, then 

wyz) = Uf^W{z)Ui = Wo{z)U 2 Ui 
also belongs to Aj. By Proposition 16.51 

{W,{z) - I)J G {wyz) - I)J G [£^\£^^] {z G Ziy). 

Let us show that £y° = Since 


(6.14) \mvyz) = {wyz) + i)-\j-wyz)jw:{z)){wyzy + i)-\ (* = 1 , 2 ), 
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then the formula fl6.14p yields 

||/||T = ||(n^,* + /)(iv„* + /)-‘/||T. 

Therefore, the operator C — {W^ + I)(Wq + 7)“^ is an isometry from onto fT. By 
Proposition 16.51 the identity operator in S 

I = {W* + I)-^C{W* + I), 

admits a continuation to an isomorphism from onto and thus 

The fact that the J - unitary operator U = U 2 U 1 is an isomorphism in follows from 
the equalities 

Uf = {I- Wo{z))Uf + {W,{z) - I)f + /, 

U-^f = (/ - W,{z))U-^f + {Wo{z) - I)f + /, 
since C and C 

Since U~^ is an isomorphism in then = JUJ is an isomorphism in By 

the equality 

{Wi{z) - I)J = (Woiz) - I)J{JUJ) + {U- I)J 

and Proposition 16.51 one obtains {U — I) J G [8^°^ 8^°]. 

Sufficiency. Let be an a.s. extension of the operator A, determined by the rela¬ 
tion fll.21) in the boundary triplet {"HjPojPi}, and let Wo{z) be its characteristic function of 
the class Aj, determined by the formula (16.91) . Let us Let us set U = U 2 U 1 , and let introduce 
the operator 

/ Xn X 12 \ Xu -XuBr + iK{U* - I)JK* \ 

V ^21 X22 ) ■ V ^21 -X 2 iBr + K-*J{U* + I)JK* ) 

_l(K{U* + I)K-^ -K{U* + I)K-^BR + iK{U* -I)JK* \ 

“2V - U*)K-^ - U*)K-^Br + R-* j{u* + I)JK* J ' 

It is easy to see, that G \H] {i,j = 0,1). Indeed, since 

R-^ G [H,8_], J{I - U*) = ((/ - U)J)* G [8_,8+] R-* G [8+,n], 

then X 21 G [H]. Similarly one proves that all other operators Xij{i,j G {0,1}) are bounded 
in R . Now the J-unitarity of the operator X is equivalent to the equalities (13.81) . (13.91) . It is 
easy to see, that 

Xi2X}i - XnX}2 = - I)J{U + /) - {U* + I)J{U - I)}R* = 0, 

since [U* + /) J(J -U) = {U* - I)J{I + U). Further, 

XnX*2 - Xi2X2*i = ^R{{U* + I)J{U + /) - {U* - I)J{I - U)}JR-^ = /, 

X2iX}2 - X22X2\ = '-R-*J{{I - U*)J{I + U) + {I + W)J{I - U)]JR-^ = 0. 

This proves the relation (13.9p . the relation (13.8p is checked similarly. 

Since the operator X is J-unitary, one can dehne a new boundary triplet {"H, Pq, Pi} by 
the formulas (I3.4p . (13.6p . setting there V = I. Let M{z) be the Weyl function of the operator 
A, corresponding to the boundary triplet fl and satisfying the relation 

(6.15) M{z) = {XnM{z) + Xi 2 ){X 2 iM{z) + X 22 )-^ 
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Clearly, 

XuB + Xi2 = iKU*JK*, X 21 B + X 22 = K-*JU*JK*. 

Therefore, {X 21 B + X 22 )~^ = K~*UK* G [H] in view of the assumption ) of the theorem. 
By Proposition 13.31 the domain of the operator A is determined in the new boundary triplet 
{'H,ro,ri} by the equality dom(y4) = ker(ri — BFo), where 

B = (XnB + X,2)(X2iB + = tKJK*. 

Setting K = + X 22 )~^X(U' 2 )~^ = KUl and including the operator B into the operator 

colligation ip = {T-L, B; K, J^S), one obtains with account of (16.1 Sp 

W{z) = JK-\B - M{z)){B* - M{z))-^kj 

= U,JK-^[B{X2iM{z) + X 22 ) - (XnM(z) + Xi2)]x 

X [B*{X2iM{z)+X 22) - {XnM{z) + XuT^KJUk 

= UiJK-^[B - M{z)][KU*K-\B* - M{z))]-^KJUk 
= UiJK-^[B - M{z)][B* - M{z)]-^K{U*)-^K-^KJUk 
= UiWo{z)UUk = UiWo{z)U2. 

This proves the equality W{z) = UiWo{z)U 2 . □ 


Theorem 6.8. Let S be a Hilbert space, J be a signature operator in £, let W{z) be an operator 
valued function with values in [£] holomorphic on a domain Zw, which contains a point zq G C+. 
In order that the operator function W{z) to be in the class Aj, it is necessary and sufficient that 
the operator function V{z), defined by the equality fl6.12p . to admit a holomorphic continuation 
on C+ which satisfies the following conditions: 

(a) 1/ G {R); 

(b) lira y~^V{iy) = 0; 

y^oo 

{c) limy(lmV{iy)f,f) = 00 {fe£); 

ytoo 

id)Viz)e[£'f^,£k] (zeZw). 


Proof. Necessity. It follows from (16.lip that 

V{z) = K*{Br-M{z))-^K. 


Since {Br — M{z))~^ is a Q-function of a densely defined symmetric operator A, then V{z) 
satisfies the conditions (a), (b), (c), see Corollary 13.111 The condition (d) was proved in 
Proposition 15.91 

Sufficiency. Let {u,f)^ serves for the functional on m G £+, defined by a vector / G £-. 
Consider the set C of vector-valued functions f{z) with values in £_, defined on C+ U C_ and 
distinct from zero on a finite set. For arbitrary z G C_, let us set V{z) = V{z)* and define an 
inner product in £, setting 


(6.16) 


{f,g)v - 


V{z)-V*{C) 

z-C 


fiz),g{C) 



Let 

£0 = {/ e £ : (/, g)v = 0 for all g G £}. 

Denote by Hy the completion of the factor-space C/Cq with respect to the metric (16.161) . 
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Define on functions from £, satisfying the assumption 
(6.17) xiif) = 0, 

Z 


an operator Ai by the equality 

= zf{z). 

It follows from 06.161) that the operator Ai is symmetric and in view of (b) the domain dom (Ai) 
of Ai is dense in Hy. The closure of the operator Ai Hy will be also denoted by Ai. 

A function from £, which is distinct from zero in a unique point Zq and is equal to h at 
Zq, will be denoted by h^Q^z)-. 




h, if z = Zo] 
0, if Z ^ Zq. 


{h e £-). 


Let / e £, f{zo) = 0 and let Xi(^) = h. Then 

(Ii - Zq) - h,,{z)] = f{z). 

\z-zo ) 


Therefore, ran (Ai — zq) = Hy and thus Ai is a self-adjoint operator in Hy. 

Notice that kerIml/(2:o) = 0 for Zq G C+, since the assumption {fmV{zQ)h, h) = 0 leads 
to the condition {fmV{z)h, h) = 0 for all z G C+, which contradicts the condition (c). 

Consider a linear manifold := {hzo{-) : h G £} in Hy and dehne an operator by 
the equality = hz^i^z). It follows from the equality 


( 6 . 18 ) 




Im2;o 


that the operator q^g belongs to [£, Tl^g] and dehnes a topological isomorphism from £^ onto 

01.g. 

Let A be a restriction of the operator Ai to the linear manifold 


D = {/ G dom (Ai) : (Ai - zo)f T 91^g}. 


The domain of the operator A can be characterized by two conditions: Xiif) = 0)Xo(/) = 0, 
where 


(6.19) 


xM) = E '''(*)/(*)■ 

z 


Indeed, if / G £ Xoif) = Xi(/) = 0, then 

i{A-Zo)f,hzoiz))y = —^^{z -Zo)fiz),h\ = {V{z)f{z),h)^ = 0. 

z \ Is , 

By the assumption (b) fftzo C dom(Ai) = {0} (see [31]), and therefore A is a densely 
dehned symmetric operator. The constructions of the space Hy and the operators A, Ai 
belong to M.G. Krein and H. Langer [8l] . 

Let Ao be the closure in Hy of the operator Aof{z) = zf{z), dehned originally on vector- 
functions from C, satisfying the condition Xo{f) = 0. Clearly, Aq is a symmetric operator. Let 
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US show, that the extensions Ai and Aq are transversal. In view of the equality dom = 

dom (A*), in order to prove the transversality of Ai and Aq it is enough to check that 

(6.20) C dom (Ai) + dom (Aq). 

Let h G Then 

( 6 . 21 ) h,^{z) = [f,^{z) - f^^{z)] + [K^{z) - f^^{z) + hoiz)], 

where / = {zq)]~^V{ zQ)h G £^_. The hrst term in fl6.2ip belongs to dom(y4i), and the 

second term belongs to dom(y4o). This proves 06.201) . 

The transversality of the extensions Aq and Ai implies, in particular, that Aq is a self- 
adjoint operator. 

Define a boundary triplet {'H,ro,ri} for A*, setting 

H = £, r„/=-fl‘/"xo(/), n/= 

where R = ImV^Zo). Let us show that the mapping / —)■ {Tq/, Ti/} from dom (A*) to 1-1®% is 
surjective. To prove this it is enough to check that the operators Tolg^^ ) \syi^ are isomorphisms 
from AIzq to R. 

In order to prove the hrst statement represent the operator V{zq) in the form V{zq) = 
Q + iR, where Q = Q*, R = R* G [£_, 8+]. Then 

V*{zq)R-W{zq) = QR-^Q + R. 

Hence one obtains 

\\TQhJ\l = {R-^V{zQ)h,V{zQ)h)^ > {Rh,h), = \\hf_ = lmzQ\\hJ\l. 

On the other hand, it is clear that there is C* >0, such that 

liroh^olll < C'll^ll- = Clmzo\\h^g\\v. 

These two inequalities show, that is an isomorphism in 8. 

The second statement is implied by the equality 

W'^ihzoWl = {Rh,h)^ = \\h\\‘i = Im^oll^zolly- 

And hnally, it follows from the equality 

(V/, g)v - (/. A-g)v = (V(j) - V(C)|/(^), 9(C)>£ = 

^,C 

= A(^)/(^). J(C))£ - im, V( 0 g{ 0 )e = 

= R-''"v{OgKM = 

= iTJ,TQg)e-{TQf,T,g)s 

that {H, To, Ti} is a boundary triplet for A*. The Weyl function for this boundary triplet takes 
the form 

M{z) = -R^^^V-\z)R^/\ 

Let us set B = and consider an a.s. extension Ab of the operator A, determined 

by the ’’boundary condition” 

Y,(I + iJV{z))f(z) = 0, 
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which is equivalent to the condition 

TJ = 

Setting K = R^^'^J, one can find the characteristic function W{z) of the operator by the 
formula fl6.9p 

(6.22) W{z) =1 + 2iJR^/^{B* - M{z))-^R^/^ = 1 + 2iJV{z){I - iJV{z))-^ = 

= {I + iJV{z)){I - iJV{z))-^ = W{z). 

This proves that W E A^j. □ 

Remark 6.9. Characteristic functions of unbounded operators with finite non-Hermitian rank 
have been studied by the methods of the theory of bi-extensions of symmetric operators in 
papers by E.R. Tsekanovskii and Yu.L. Shmuljan (see [561152]), and in the case of infinite non- 
Hermitian rank in papers by Yu.M. Arlinskii and E.R. Tsekanovskii (see [2116]). In particular, 
in EE] the class of characteristic functions of nonbounded operator colligations constructed 
within the bi-extension theory was completely characterized. Methods of boundary triplets 
allow to present an alternative approach to the theory of characteristic functions of nonbounded 
operators, which nonetheless leads to the same class Aj. Statements, which are closed to 
Proposition 16.51 and Theorem 16.71 were proved earlier in [6]. 

7. Ordinary Differential Operators with Bounded Operator Coefficients 

7.1. Operators on finite intervals. Let be a separable Hilbert space, and let A be a 
minimal operator generated in L2([0,5],i7) by the differential expression of order 2n of the 
form 

n 

(7.1) l[y\ = + PnV- 

k=l 

Here y : [0,b] ^ H is a vector function with values in H, quasi-derivatives are successively 
defined by 

yW(a:) = |/(^)(x) (fc = 0,... ,n - 1), = po{x)y^"^\x), 

yln+k]^^^ = p,{x)y^-->^\x) - (A; = 1,... ,n), 

and the coefficients pk = Pkit) satisfy the following conditions: 

Pk{t) = Pk{ty E [H], po{t)~^E[H] for 0 < f < 6, pk E C'^~’‘{[0,b],[H]) (A: = 0,1,..., n). 

The domain of the minimal operator A is of the form 

dom A = {y E dom A* : i/^^'(0) = i/^^'(&) = 0, A: = 0,1,..., 2n — 1}. 

Due to Rofe-Beketov[in], a boundary triplet for A* has the form {H, Tq, Ti}, where R = 

r„» = (j/(0), y(b), 

TiV = (9(P"-"0), ...,yl"l(0)i .... 

Let Yi{z,t) be a solution to the operator equation l[Y] = zY satisfying the initial condi¬ 
tions 

yI^~^\z, 0) = SijI, i,j = l,...,2n. 

From the results of |l9l Theorem 6] it follows that the block operator 

Y{z,t) = \\Yyz,t),...,Y 2 r.{z,t)\\ 
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establishes an isomorphism between and By dehnition of the Weyl function, the 

following equality holds M{z)TQy = Tiy, y E fhz. By substituting for y columns of the matrix 
Y {z, t) we arrive at the relation 

M{z)Y^{z) = Y\z), 

in which operator functions Y^{z) = riY{z,t), {i = 0 , 1 ) are isomorphisms in Ti for all z 7 ^ z. 
Consequently, 

(7.2) M{z) = Y^{z)^^{z)]-^. 

Further, let B G [77], and let Ab he the almost solvable extension of the operator A dehned by 
the boundary condition Fi?/ = BToy. Consider the operators 

= (hi — i?Fo) = (Fi — B*Tq) . 

Since the operator $*2 is an isomorphism from onto 77 for any 2 ; G p{A*^), then it follows 
from the formula fl6.4p . that the characteristic function for Ab is of the form 

(7.3) W{z) = 

Remark 7.1. For the operator AE) A dehned by expression fl7.ip and by the conditions 

yW( 0 ) = 0 ( 0 <i< 2 n-l), 

and for some choice of a boundary triplet one obtains: 

4j/ = {!,(0), 4,!, = {!,((>),. 

Hence W{z) takes the form 

w{z)-^ = \\Y;-\b)\\-^, 

(see 0). As in Remark 1221 the equality Y(z,t) = ("f* yields Theorem 6 from [49] . 

7.2. Operators on the half-line. Let A be a minimal operator generated in ^ 2 ( 0 , cxo) by the 
differential expression fl7.ip in which Pq^,Pi, ■ ■ ■ iPn are real and measurable functions on (0, cxo) 
integrable on each subinterval [a, h] of (0, 00 ). Suppose also that the operator A has dehciency 
indices n+{A) = n-{A) = n. Then the domain of the minimal operator A is of the form 

domA = {y E domA* : |/^^'(0) = 0 for any fc = 0,1,..., 2 ? 7 , — 1}. 

For an arbitrary boundary triplet {77,Fo,Fi}, choose the basis yk{z,x){l < k < n) in such 
that 

In = FqH = Fo(|/i, 2 / 2 , ••., 2 /n)- 

Then the Weyl function M{z) of the operator A is given by 

M{z) = TiY = Fi(?/i,?/ 2 , ..., 2 /n)- 

li gki-,z) E^z and z) = 6ik, then, by dehning Fq and Fi by the equalities 

(7.4) Fo 2/ = {2/("-')(0),...,2/(0)r, T,y = {y^-\0), 
and by setting yk{x, z) = gk{x, z), one obtains 

M{z) = \\Mjk{z)\\l=i, where Mjk{z) = z). 
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Thus, in this case the Weyl function M{z) exactly coincides with the characteristic matrix of 
the operator Aq (see m P- 278]). 0 Suppose that the almost solvable extension A of the 
operator A is dehned by 

(7.5) Y, 0^.,j/[^-il(o) =0, l<j<n, 

l<k<2n 

and the extension (A)* is dehned by 

(7.6) = Y = 0, l<j<n. 

l<k<2n 

Since A is an almost solvable extension of the operator A, it follows that, at some boundary 
triplet {'H,ro,ri}, one has: 

A = Ab, dom (A) = ker(ri - BFo), 5 G [77], 

and conditions fl7.5p . fl7.6p take the form 

= Ci(ri - Bro)y = 0, = C2(ri - B*ro)y = 0, 

where Ci, C 2 , G [77]. By introducing the matrices 

and by taking into account fl6.4p we arrive at the following expression for the characteristic 
function W(z) of the operator Ab'- 

(7.7) W(z) = [(Ti - i?ro)F][(ri - i7To)F]-' = Cr^^(z)^4z)C2. 

Remark 7.2. At the ’’natural” boundary triplet of form fl7.4p . the matrices Ci and C 2 have the 
form 

Cl = ||0j>+fc||jA:=l) C 2 = ||0*j>+fc||"fc=l- 

All the conclusions of this section are valid without change for the differential operation of 
form fl7.ll) in T2([0, 00 ), H) only if n+(A) = n_{A) = n = dim77 < cxo. Note that the compu¬ 
tation of the characteristic function of the differential operator in the scalar case (dim 77 = 1) 
is held in [31 SD] in which similar results are obtained by other techniques. 


8. Sturm-Liouville Operator with Semi-Bounded Operator Potential 


8.1. Let be a separable Hilbert space, and let L = Lmin be a minimal operator generated 
in L2([0,5],i3) by the differential expression 

i[y\ = -y” + 

with an unbounded operator A = A* > I, A E C{S)). Let also (« G M) be the scale of 

Hilbert spaces constructed with respect to the operator A: 

Sja = dom (A°), (h G i^a)- 


^Let G{xA, z) = X]fe=i rik{x, z)gk{^, z) (x < 0 be the Green function of the Dirichlet problem, i.e. the kernel 
of the resolvent of the operator Aq. Then the above-mentioned coincidence becomes evident, if one uses the 
following identities for quasi-derivatives C + j = 2n— 1) of the Green function 


Gi-q (^ - 0, C, 2 :) - G^^j (^ -k 0, z) = X;Li (wL'"' (C, 2:)5fe' (T z) - ulf' (^, (C, z) | 


1, j <v 
-1, j > G 


which imply that for (a) = 5k,j one has (a) = 5k,j- Mention also, that the book [43 p.260] contains 

an unfortunate inaccuracy: a wrong sign (—1)"“^ in the right part of the above equality 
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In [IB], M. L. Gorbachuk showed that for any y G doni(L*) boundary values |/(0) and 
y{h) exist in the space and indicated the following boundary triplets for the operator L*\ 

'H=S)®S), To?/= {i/o,-2/b}^, Tiy = {y'^.y'^Y, 

where 

(8.1) y'^ = A^%'{Q) + A^/Sm. yo = 2/(0) G i3-i/4. 

Further, in the case q{t) = 0 there holds the following representation for any y G Olx (see [TB]h 

(8.2) y{t,z) = u:i{t,z)fi+u: 2 {t,z)f 2 , 

(8.3) Ui{t,z) = g-*VA-^^l/4^ UJ 2 {t,z) = 

VA — z 

Therefore, the Weyl function M{z) is of the form 

M{z) = Gi( 2 ;)Go ^(z), 

where 

Go(^) = (J'o(^iit,z),ToUJ2it,z)), Qi{z) = (TiUi{t,z),TiU2it,z)). 

8.2. Let B G C{'H), and let Lb be the extension of the minimal operator L. Then, due 
to Proposition 14.11 this yields a full characterization of the spectrum of the operator Ab- For 
example, 

G ap{LB) 0 G ap{M{z) - B). 

Proposition 8.1. Suppose that A~^ G ©p_i/ 2 , ^ G p{Lb), ^ G p{B). Then the following 
equivalence holds 

{Lb - z)-^ G ep{H) ^{B- 0"' e 6pCH). 

The proof is clearly implied by both Theorem 11.21 and the equivalence 

A ^ G &P-1/2 <Z &p 

established in [T9|, where Lb = Lq is the Dirichlet extension of the operator L. 

As is shown in [TB|, vector functions y G dom(L*) are continuous on (0,6) in the space 
i^ 3 / 4 , and continuous on [0,6] only in i 3 _i/ 4 . However, vector functions from dom(Lo) preserve 
continuity in i 03/4 and at the endpoints of the segment. 

Definition 8.2. ([IS]). An extension Lb of the operator L is said to be a-smooth if dom {Lb) C 
G([0,6],i^a) whenever —1/4 < a < 3/4, and maximally smooth whenever a = 3/4. 

Proposition 8.3. For an extension Lb, {B G C{Ti)) to he a-smooth, it is necessary and 
sufficient that 

eep(i?). 

Corollary 8.4. If A~^ G 6oo(.^), then any a-smooth extension has a discrete spectrum. 

Proposition 8.5. Let B G C{Ti), and let Lb L> L. Then Lb is 1/d-smooth if and only if Lb 
is the extension with the finite Dirichlet integral, i.e., 

(8.4) D[y]= ! [\\y'{t)f+ \\A^/‘^y{t)f+ {q{t)y{t),y{t))]dt<oo. 

Jo 

Definition 8 . 6 . Let B G C('H). An extension Lb is said to he D-extension if 

{LbV, y) = D[y] for any y G dom {Lb). 
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Proposition 8.7. Suppose that B G C{'H) and A = A® A. For the extension Lb to be the 
D-extension, it is necessary and sufficient that Lb be 1/A-smooth and 

{Bg,g) = \\A^/^gf for any gedom{B). 


Proof. If Lb is the D-extension, then Proposition 18.51 implies that Lb is 1/4-sniooth and 
dom (B) C dom For y G dom {Lb) we put 


Y 


2 /( 0 ) \ 
-y{h) ) 


Y' 


2 /'( 0 ) ^ 

y'{h) ) ■ 


Then 

F = A^BY^y e F' = [-^3/4 + A-^AB]T,y G 

By integrating by parts one represents the expression {LBy,y) as 

{LBy,y) = {Y',Y) + D{y). 

(see m)- This yields the equality (F', F) = 0 that, in view of the above representations for F 
and F', takes the form 

{BToyffioy) = {AToyffioy). 

By putting g = T^y and by taking into account that g G dom (5) C dom(y4^/^) we obtain 
{Bg,g) = {A^^'^g, A^^'^g). The above reasoning is convertible. Thus, proposition is proved. □ 


Corollary 8.8. Suppose that B G C('H) and the operator Lb is the D-extension. Then Lb is 
symmetric. 


Propositions 18.3118.71 and Corollaries 18.41 ISTKl generalize the results of [121120] on smoothness of 
dissipative extensions to the case of almost solvable ones. 

Let Li,L 2 be the extensions of the operator L generated by the conditions F' = SjY, 
j = 1, 2. Here Sj are strictly A}!'^ - bounded operator^ in Ft. Then (see [19]) we conclude that 

(8.5) Lj=LBj, where Bj = j = 1,2. 

Proposition 8.9. For the &p - resolvent comparability of the operators Lb^ and Lb 2 in 
-^2([0, &], Tf) it is sufficient that {Si — S 2 )A~^^‘^ G and A~^ G where p = piP 2 {pi + 
P2)“^ > L 

Proof. Due to Theorem 14.61 the Gp - resolvent comparability of the operators Lb^,Lb 2 in 
L2([0,&],'H) is equivalent to one of the operators Bi and B 2 . Let z G p{Bi) n p(i? 2 )- Without 
loss of generality we may assume that \\SjA~^^‘^ — < 1, otherwise it suffices to take the 

operator A + rjl, p > 0, instead of A in fl8.2p . Then the operators (/ + SjA~^^^ — zA~^) have 
bounded inverse, and the following equality holds: 

(8.6) (Hi - z)-i - {B 2 - z)-^ = 

= - ZA-YHB 2 - 5i)l-^/2(/ + - zA-^)A-^B_ 

Since {Si — S 2 )A~^/‘^ G and A~^ G ©pj, we have (Hi — z)~^ — (H 2 — z)~^ G Gp. □ 

Corollary 8.10. If Sj and S* are strictly A^^'^-bounded operators in FL, j = 1,2, then for the 
Gp - resolvent comparability of the extensions Li and L 2 it is sufficient to satisfy any of the 
following conditions: 


^I. e., dom(A^/^) C dom(5'j) and ||<5'j/|| < o||T^/^/|| +6||/||, a < 1, for any / G dom(T^/^). 
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(a) - 52)1-1/2 G 6p ; 

(b) 1 -i/2(5i - 52)1-1/2 G 1-1/2 ^ p^i +P2"' = p-^ < 1. 

Proof. Indeed, in this case the operators (/ + A~^^‘^Sj — zA~^)~^ are bounded, and equality 
08.61) can be given in the symmetric form 

(B, - z)-i - (B2 - z)-i = 

= 1-1/1/ + 5i 1-1/2 - zl-1)-11-1/2(52 - 5i)l-l/2(/ + 52 !-!/^ - zl-l)-ll-l/^ 

□ 


Remark 8.11. Both Proposition 18.91 and Corollary 18.101 in the self-adjoint case Lj = L* were 
proved in [22] • 

Example 8.12. Let L = be minimal operator generated in L2([0,vr] x (— cx), -fcxo)) by the 
Laplace expression 

l[y\{t^x) = —Ay = —(52/9^2 -\- d‘^/dx‘^)y. 

Let also {j = 1, 2) be extensions generated by the conditions 

[dy/dt - ajfl{x)y] |f=o= 0 , [dy/dt - aj^^{x)y] |f=o= 0 , 
where <Jjfi,aj^Tr G Loo{—oo, + 00 ), j = 1,2. 

Writing the operator Lq in the form Lq = —y" -|- Ay — y, where A = —d?/dx^ + / > / 
in L 2 (— 00 , -|-cxo), one can apply the above assertions to it. The Weyl function M(A) is of the 
form 


M(A) = li/^ 


\/l ■ 


/-A 


_ VA-I-X \ 
tauTTx/A — / — A sh TT\/ A — J — A 


y/A-I-X 


\/l — 


VA-I-X 


11/^ 


V shvrlA — J — A tanTTx/A — / — A / 

Both Proposition 15.91 Corollaries 15.101 and 18.101 imply the following statements: 

(a) The Friedrichs extension is given by the Dirichlet conditions: |/(0, x) = y{'n', x) = 0, 
and the Krein extension is given by the boundary condition Ti?/ = M(0)ro|/ (note that the 
lower bound is m(Lo) = !)• In view of the definition of boundary triplet fl8.ll) . the latter can 
be transformed as 

, /A(tanA7r)-i A(sh A7r)-i\ ^ ^ 

yA(shA7r)-i A(tanA7r)-iy 

Here A = —d?/dx"^ is the Calderon operator, i.e., the pseudo-differential operator in 

L 2 {—oo, -1-cxd) with the symbol |.^|. 

(b) The negative part of the spectrum of the operator has dimension (0 <)n < cxo if 
and only if the same holds for the operator Bi — M(0), or, equivalently, for the operator 


A-^A{Bi - A/(0))A-^/^ = Si + 

where Bi is dehned by fl8.5p and 

y..^ oi^) 0 
^ ■ I 0 aj^^(x) 


/A(th Att) ^ A(shA7r) ^ 
lA(shA7r)-^ A(th Avr)-^ 


(J = l,2). 


(c) The operators Lo-i and are resolvently comparable if Si(a;) — S 2 (a;) G Li 
because 

A-^/ 2 |Si - S 2|^/2 G &2{L2{M.) X L 2 (M)). 
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8.3. Further, let L = L^i-a be minimal operator generated in F2([0, oo); H) by the differ¬ 
ential expression 

i[y] =-y" + {A-A>i, te[0,oo). 

As was shown in [12], the boundary triplet {H, Fq, Fi} for L* is of the form 

(8.7) H = H, Fo2/ = A-V4^(0), T^y = 

The defect subspace consists of vector functions exp(—VA -1- zt)A^Af^ f ^ On this 
basis, it is easy to calculate the Weyl function: 

(8.8) M{z) = A^/\A^^^ -{A-I- z)^/2). 

With the specific form fl8.8p of the Weyl function, by using the results of sections |3]-[5] one can 
formulate different statements on the spectrum of extensions in terms of the operator A as well 
as on their resolvent comparability, etc. We present just one of them. 

Proposition 8.13. Suppose that S G C{H) and Ls = L*^ is the extension of the operator Lq 
generated by y'{0) = Sy{0). For the negative part of the spectrum of the operator Ls 

(a) to consist of 0 < n < oo points counting multiplicities; 

(b) to have the origin as a unigue limit point, 

it is necessary and sufficient that the same be valid for the operator S' -1- (A — J)^/^. 

Proof. In terms of boundary triplet fl8.7p . the extension Ls is given by dom {Ls) = ker(Fi — 
SFq), where B = _|_ S')A^A_ this case, there holds the equivalence: 

Ls = L*s^B = B*. 

From fl8.8p it follows the equality 

(8.9) M(0) = A^A(yti/2_('^_ 

In turn, this implies the relation B — M(0) = A^A[ 5 ' 'ppg proof now follows 

from both Proposition 15.91 and the bounded invertibility of the operator A > /. □ 

Remark 8.14. Also it is interesting to note that the Friedrichs extension Lp, as usual, corre¬ 
sponds to the Dirichlet problem ?/(0) = 0, and, by Corollary 15.101 the Krein extension L^ is 
given by condition 

(8.10) j/'(0) = -(yl-/)'/2^(0), 

in which the condition dom (L/^) = ker(Fi — M(O)Fo) has been transformed. Further, the 
operators Lp and Lk are transversal since 

M(0) = A^/2(A^/2 + (A - J)^/^)"^ e [H], 

and, by Corollarv l5.ini the transversality of extensions Lp and Lk is equivalent to the condition 
M(0) e [H]. 


Example 8.15. Let L 
expression 


Lmin be minimal operator generated in L 2 (IR+ x 1^) by the Laplace 


-A 


dB dx"^) ’ 
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and let Lj be its extension given by the bonndary condition 

t= 0 , (Tj{x) e Loo(M), j = 1,2. 

In this case, Proposition 18.131 in which one should put A = --^ + I in L 2 {M.), suggests that: 

(a) the Friedrichs extension Lp corresponds to the Dirichlet problem |/(0,a;) = 0, and the 
Krein extension Lp as follows from flS.lOp is given by 


dy{t,x) 

dt 


aj{x)y{t,x) 


[dy{t,x)/dt +Ay{t,x)] |t=o= 0, 

where A = ^J—d?/dx'^ is the Calderon operator. 

(b) The extensions Lp and Lp are transversal since, in view of 


M(0) = / 


LA'" 

dx'^ ) 


dx'^ ) 


1/2 


A 


-1 


€ [H] = IL, 


(c) The negative part of the spectrum of the extension Li consists of (0 <)n < oo points if 
and only if the operator S' + A satisfies the same property in L 2 {M^), where {Sf){x) = 
a{x)f{x). 

(d) If (Ti — (72 G Li{—oo, +oo), then the extensions Li and L 2 are resolvently comparable. 

8.4. Suppose that L = Lmin is minimal operator generated in L2{[0,b],S)) by the differ¬ 
ential expression of the hyperbolic type 


l[y] = y" + Ay + q{t)y, A>I. 

Boundary triplets {'H,ro,ri} for L* are constructed in [H] and have the form: 

n = A)®S), To// = ^ , Tiy=(^'p^^, where 


yo = sm{\/Ab)A~^^'^y\b) + cos{'/Ab)y{b) + y{0)), 

yb = cos{'\/Ab)A~^^‘^y'{b) — sin{V~Ab)y{b) + A~^^‘^y'{0)), 

y'o = cos{\/~Ab)y'(b) + sin{V~Ab)y{b) — y'O)), 

y'b = sin(\/C46)i/'(6) -|- cos{V~Ab)y{b) — A~^^'^y{A)). 

For any y{t) 6 there holds the representation 

y{t, z) = ui{t, z)fi + U 2 it, z)f 2 , /i, /2 e S). 

Consequently, the Weyl function is of the form 

M{z) = 


where 

fio(^) = ( ToUJi{t,z) ToUJ2{t,z) ) , = ( TiUJi{t,z) TiUJ2{t,z) ) . 

If q{t) = 0, then 


/ \ / i\ m - / \ / i\ sin VA — z . 

Ui[t, z) = [t — b) cos A A — z, 0 J 2 [t, z) = [t — b )— A, 

A A — z 


and the Weyl function is calculated quite clearly. 
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9. SCHRODINGER OPERATOR IN M^\{0} 

Consider in the Schrodinger operator 

Ay] = -^y + (ii^)y 

with a spherically symmetric potential ^(a;) = ^(1x1), \q{x)\ ^ C defined originally on C'^(M^\0). 
Its closnre L = Lmin is a minimal symmetric operator with the deficiency indices (1,1). Starting 
with [8], the operator L has been stndied by many authors (see the reference list in M). 
Boundary triplets for L* and more general elliptic operators are constructed in [3T] . 

For q{x) = 0 the defect subspaces of the operator L = —A have the form 

^2 = (r = |x|). 

Therefore, for any bounded q{x) and for any / G dom (L*) there holds the relation 

(9.1) f{x) = — + CQ + f{x), /(t) e dom(Lo), /(O) = 0. 

r 

Applying the Green formula to a function / G dom [L*) of form fl9.ip and a function g G 
dom (L*) of the form 

g(^x) = — + do + g{x), ^(x)Gdom(L), ^(0) = 0 
r 

in the domain Gr exterior to the sphere I get 


iL*f,9)-{f,L*9) = lim {f ■ Ag - Af ■ g)dx = 



Gr 


= lim 


/ 


dg\ [df 


dn 


dn 


da 


Er 


= lim 

r^O 


Cod-1 — C-ido 


+ o(l) ) da = 47r(cod-i — C-ido). 


Er 


Define the boundary triplet by setting 

n = C, roi/ = 2c_iV^, riy = 2coy/^. 


Proposition 9.1. The Weyl function of the operator L coincides with one of the Weyl functions 
of the Sturm - Liouville operator A = —d?/dx^ + g(r) in L^[0, oo) with the boundary conditions 
2 /( 0 ) = 2 /'( 0 ) = 0 . 


Proof. If y{r,z) G 01^(A), then y{r,z)r ^ G ^^^(Lg). Let 


yir,z) 

r 


+ 0(1). 


Then the Weyl function of the operator L is of the form Ml{z) = Co{z)/C-i{z). Choosing for 
the operator^* the same boundary triplet as in Example 13.61 we obtain Ml{z) = Ma{z). □ 

Consider the extension Lh of the operator Lq defined by the boundary condition Ti?/ = 
hToy, h y^h. It was shown by Pavlov [18] that, under the condition on the potential 


(9.2) 


sup \q{r) \ exp(£\/r) < oo, 
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the spectrum of the operator and hence of the operator has finitely many eigenvalues 
and spectral singularities. 

In the same paper |3H] it was shown that this condition is precise for the Sturm - Liouville 
operator. Namely, there were presented both a real potential q{x) for which condition fl9.2p 
is violated but sup \q{r) \ exp(er^) < cx) for 0 < /3 < 1/2, and a complex h such that the 
operator has an infinite set of eigenvalues. Proposition 19.II yields that, for the operator Lq with 
a potential q{x) = q{\x\), there also exists an extension with the same property. 


10. Laplace Operator in Domains with Piecewise Smooth Boundary 

10.1. Domain with One Incoming Angle. Let hi/? = {{r,ip) : 0 ^ r ^ 1, 0 ^ ^ vr//?} be 

a domain in and let 1/2 < [3 < 1. The Laplace operator Lu = —Au considered in LF‘[Vt^) 
with the Dirichlet conditions on the boundary is a symmetric operator with the dehciency 
indices (1,1) and the domain dom (L) = fTg^’^(r2) (see [T0]i. 

The domain of the Friedrichs extension Lp is of the form 

dom(LF) = + {up}, 

where 

up{x) = rj^{r)r^ sm I3ip G lTo^’^(r2), Aup G L^(r2). 

Here is a smooth ’’cutoff’ function equal to 1 for r ^ e/2 and to 0 for r ^ e. The functioi£| 
up{x) is a weak solution to the problem 

-Au = f, n|r = 0 {f e L^Qp)) 

which does not belong to WQ'‘^{ytp). For any / G dom(L*) there holds the representation 

( 10 . 1 ) f = fo +CiUp +C2V, 

where 

V = {r~^ — r^) sin f3if G Tlo(L) = ker(L*), ci, C 2 G C. 

Let g G dom(L*). In view of fllO.ip . the decomposition 


9 — i/o T diUp + d2V, di, d2 ^ C 

holds true. Since 

{L*f, g) - (/, L*g) = cid 2 {L*up, v) - C 2 di{v, L*up), 
one can define a boundary triplet for the operator L* by setting 

Fo/ = kc2 = /c limr^/(re*’’'/^^), 

T —^0 

hi/ = k{ci — C2) = /c limr“^{/(re*’’'/^^) — r“^Fo/}, 


r^O 


where = {L*up,v). It can be shown that {L*up,v) > 0. Indeed, 


r* A f Id 1 

L Up - -Aup _ - — + + 


Up 


yclr^ r dr d^p"^ 

= — ((2/9 + l)r^~^ri}{r) + g'/{r)r^ — /3ri£{r)r^~^) sin jdp. 


^The function up{x) is constructed by Guseva (see [TU]h 
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It follows that 

{L*up, v) = JJ ((2/9 + l)r^~^T]'^{r) + ri"{r)r^ — f3T]s{r)r^~‘^) (r^ — r~^) sin I3^pdxdy = 

fljS 

£ 7r//3 

= J [{2/3 + l)r]'^{r) + r]”{r)r — f3r]^{r)r~^) {r‘^^ — l)dr J sin/dcpd^p. 

e/2 0 

By integrating by parts we obtain: 


J — r)dr = J r]{{r)[l — {2/3 + l)r'^^]dr. 

e/2 e/2 

A comparison of the last two equalities leads to the relation 

£• 

{L*Ufs, v) = 2 J r]^{r){l — r‘^^~^)dr > 0. 

e/2 

Let us hnd the Weyl function of the operator L. If /(•, z) G ffl^, then 
f{x,z) = [m{z)Jp{r^) + J_/ 3 (rv^)] sin/3(p, m{z) = 
where J±y{r) are the Bessel functions of the hrst kind. It follows that 

^ r,/= 


( 10 . 2 ) 


T„f = k 


r(i-/?) 


r(i + /?) 


(10.3) 


M{z) 


T{l-^)J.p{^z){2-^^zf^ 

r(i + /9)j^(yi) 


Any extension Lh of the operator L can be dehned by the condition Tif = hTof- Studying 
the behavior of zeros of the function M{z) — h we can prove completeness and basis properties 
of sets of eigenvectors and associated vectors of the operator Lh- 


10.2. Domain with Finite Number of Incoming Angles. Later on, let be a bounded 
domain in with a piecewise smooth boundary of class C^, and let be corner points of 
the boundary L = dfl in which the interior angle it// 3k is greater than tt {1/2 < /3k < 3, k = 
1,... ,n). Then the Laplace operator Lu = —Au considered in L‘^{Q) with a Dirichlet condition 
on the boundary is a symmetric operator with the dehciency indices {n,n), dom (L) = W^’'^ 
(see [TU]). 

Let a domain be such that, for some collection of neighborhoods 0{aj, Sj) of the corner 
points Oj, a part of the boundary Lj = L fl 0{aj,ej) is composed of two straight line segments 


arg(x — a j) = 9j, arg(x 


«i) - + 


/5/ 


Consider the mapping Gj{x) = [e“*®^'(x — aj)]^^ that takes Uj = 0{aj,ej) fl fl to the upper 
half-plane C+ such that L fl 0{aj,ej) goes to a real line segment. Let Fj{x) be a function 
that takes Gj(fl) onto C+ such that Fj{0) = 0, F'(O) = 1. By the principle of symmetry, the 
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function Fj{x) admits analytic continuation to some neighborhood of x = 0 and hence it can 
be represented by the Taylor series 

(10.4) Fj{x') = X T dj 2 X T T • • • T dj j^x T • • • 
with real coefficients. 

Assume that all the functions Fj{x) (1 ^ ^ n) are analytic in the disk |x| < e, and 

construct a hnite smooth function ri^{r) equal to 1 for r ^ e/2 and 0 for r ^ e. Put 

(10.5) Ue,j = lraFj{Gj{x)) ■ p^(|Gj(x)|), 

(10.6) Vj =-lm[Fj{Gj{x))]-\ 

As was shown in [10], the domain of the Friedrichs extension Lp of the operator L consists 
of functions of the form 

n 

(10.7) u(x, y) = uoix, y) + ^ cij{u)uej{x), 

i=i 

where Uo{x,y) E hFg^’^(fl). It is easy to see that in the polar coordinate system with the pole 
at aj and the polar ray arg(x — aj) = 9j the functions Usj{x) have the form 

Ue,j{x) = rF sin/djcp ■ ^^(r, cp) E fFo’^(fl), 

the functions satisfy Vj{x) E ker L* (see [TOl p. 19]), and formulas fllO.dp . (I10.6P imply that 
Vj{x) = - Im{[e-*^^(x - + {dl j - d 2 j)[e"*®^'(x - aj)fj + 

+ o(|x — = {r~^^ — djf^^) sin/fjcp + 

where dj = d\j — d 2 j. As in 110.11 one can show that 

Pj := {L*Uej,Vj) > 0 

and it does not depend on e > 0 since ^ dom (L). Any function v E ker L* can be 

represented as 

n 

(10.8) V = ^C2,j{v)Vj. 

Note that {L*u^^k,Vj) = 0 for A; 7 ^ j. Indeed, assume that 

e: < 2“^ min |afc — Ojl, r]{x) = 1 for xEO{ak,e) 
and suppp(x) C 0{ak,rs). Then ri{x)vj E dom (L) and L{r]{x)vj) = 0 for any x E 0{ak,e), 
{L*u^^k,Vj) = {L*Ue,k,v{x)vj) = {ue,k, L{v{x)vj)) = 0 . 

Dehne the boundary triplet {'H,ro,ri} by setting 

n 

'H = C^, {a,f3)n = '^kjajf3j, = (F/^iu,..., F/^^u)^ (/ = 0,1), 

i=i 


where 


(10.9) 

Fq ,• = lim X — aJ^M(x), 


’ x^aj 

(10.10) 

Fij = lim X — aj\~^^{u{x) — Foj(m) x — ajf^} 


x^aj 
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The symbol lim will denote the limit of u{x) along the bisector of the interior angle of the 


domain hi with vertex at Oj. 

Let ui G dom (L*), / = 0,1. Then, by taking into account fllO.Sp - fllO.lOp . we have 
Ui = u^+ + 

l^j^n l^j^n 

^ = 0,1. 

By direct substitution we verify the equality 

{L*ui,Uo) — {ui,L*uq) = (TiMi, ToMo)?^ — (LoMi, TiMo)?^. 

In the defect subspace 91^, chhose the basis consisting of functions ui{x,z), {x E fl, I = 
1,2,... ,n) such that ui{x, z) G hLgfor j ^ 1. Then the Weyl function M{z) in this basis 
has the diagonal representation 


( 10 . 11 ) 


M{z) = \\mj^i{z)\Y' where rnj^i{z) = 


Ti^j{ui{x,z)) 

To^j{ui{x,z)) 


'hi- 


10.3. Unbounded Domain with One Incoming Angle. Consider the operator Lu = —Au 
defined in the unbounded domain 

n = {(r, </9) : r ^ 0, 0 ^ ^ ^//^}) (2~^ < /3 < 1) 

with the Dirichlet conditions on the boundary. The operator L is symmetric, with the dehciency 
indices (1,1), and its simple part is unitary equivalent to the operator A generated by the 
differential expression 

d?y{r) —1/4 




+ 


-y{r) 


in T^(0, cxo). The defect space 01^ of the operator A consists of functions of the form 

yz{r) = 

where H^^\r) = Jyir) + iYp{r) is the Hankel function. 

Define the boundary triplet {"H, Tg, Ti} by setting Ti = C, 

Toy = \imr^~^^‘^y{r), Tiy = hmr“^“^/^ \y{x) — ^o{y)'i'^^'^~^] ■ 

r —>-0 r —>-0 

From the asymptotics of the Hankel function as r —)■ 0 

/3 1 /r\-/3 




sin (371 




we easily hnd that 


2 J T{l + (3) 
-3 


r^/z 


Til-(3) 


+ o(r^) > , 


^oyz = 
^Wz = 


sin (3ti 
i 

sin (377 


r(i-/3)’ 

p —i/^TT 


T{i + (3y 


and the following expression for the Weyl function 

Miz) = Cpzy 

where Cp = exp(-i/37r)4-^r(l - /3)/r(l + /3). 
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The Friedrichs extension Lp is given by the condition doni(Lp’) = kerFo, and the Krein 
extension is given by the condition doni(Lx) = kerFi, because M(0) = 0. The characteristic 
function Q{z) of the extension Lh (dom (Lh) = ker(ri — C/jhTo)) is of the form 




+ h 
z^ + h' 
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